Journal of Graph Algorithms and Applications
, http://jgaa.info/ vol. 26, no. 1, pp. 149-170 (2022)
4oeors  DOI: 10.7155/jgaa.00586

Crossing Numbers of Beyond-Planar Graphs Revisited

Nathan van Beusekom?® Irene Parada?® Bettina Speckmann®

!TU Eindhoven, the Netherlands
2Technical University of Denmark

Submitted: October 2021 Accepted: April 2022 Final: April 2022
Published: June 2022

Article type: Regular paper Communicated by: A. Symvonis

Abstract. Graph drawing beyond planarity focuses on drawings of high visual qual-
ity for non-planar graphs which are characterized by certain forbidden (edge) crossing
configurations. A natural criterion for the quality of a drawing is the number of edge
crossings. The question then arises whether beyond-planar drawings have a signifi-
cantly larger crossing number than unrestricted drawings. Chimani et al. [GD’19] gave
bounds for the ratio between the crossing number of three classes of beyond-planar
graphs and the unrestricted crossing number. In this paper we extend their results to
the main currently known classes of beyond-planar graphs characterized by forbidden
edge configurations and answer several of their open questions.

1 Introduction

A central topic in graph drawing are high quality drawings which are not necessarily planar. A nat-
ural criterion for the quality of a drawing is the number of edge crossings. While empirical studies
suggest that the number of crossings is not the only factor that influences human understanding
of a drawing, it is nevertheless one of the most relevant aesthetic indicators [15, 17, 18, 24]. How-
ever, it is NP-hard to compute the minimum number of crossings of a graph G across all possible
drawings of G [13]. This minimum number of crossings is also referred to as the crossing number
of G, denoted by cr(G). Meaningful upper and lower bounds, as well as heuristic, approximation,
and parameterized algorithms, have hence been a major focus [7].

Drawing edges as straight-line segments arguably simplifies any drawing. One classic variant is
hence the rectilinear crossing number ¢r(G) of a graph G, that is, the minimum number of crossings
across all straight-line drawings of G. Clearly cr(G) < €r(G) for any graph G. The straight-line
restriction increases the crossing number arbitrarily: Bienstock and Dean [6] showed that for every
k there exists a graph G such that c¢r(G) = 4 and ¢r(G) = k. On the other hand, if G = (V, E)
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is a graph with maximum degree A then ¢r(G) = O(A - cr?(GQ)) [5, 21] and when |E| > 4|V| this
bound can be improved to ¢r(G) = O(A - cr(G) - log cr(G)); see Schaefer’s book [20] on crossing
numbers. Computing ¢r(G) is also NP-hard (actually, it is IR-complete [4, 19]) but in polynomial

time it can be approximated to e¥(G) + o(n*) [12].

In recent years there has been particular interest in drawings of beyond-planar graphs, which

Table 1: Bounds for the supremum oz of the ratio between crossing numbers. For our upper

bounds we assume the drawings to be simple, that is, two edges share at most one point.

Family F Forbidden Configurations Lower ‘ Upper
k=2
i An edge crossed more Q(n/k) O (kvkn)
-planar . . .
than k times (Section 2) (Section 2)
k=3 3 27052
k-quasi-planar k pairwise crossing edges jP< Q(n/[ é@] ) f (k)n[gl]og n
Two independent edges
crossing a third or two %"
Fan-planar adjacent edges crossing Q(n) 9] O(n?) [9]
another edge from %
different ”sides”
Set of k edges such that k,l=2 n 2
. N g(k,Dn
(k,1)-grid-free each edge crosses each ki(k+1)

edge from a set of [ edges.

(Section 3.1)

(Section 3.1)

k-gap-planar

More than k crossings
mapped to an edge in an
optimal mapping

Q(n/k?)
(Section 3.2)

O(kVkn)
(Section 3.2)

Set of crossings not

Q(n/k)

O(kn + k?)

Skewness-k covered by at most k (Section 4.1) (Section 4.1)
edges

Set of crossings not k=1 Q(n/k) O(kn? + kY

k-apex covered by'at most k (Section 4.2) (Section 4.2)
vertices
Two crossing edges that

Planarly do not have two of their X Q(n?) O(n?)
connected endpoint connected by a }@0 (Section 5.1) (Section 5.1)

crossing-free edge

k-fan-crossing-
free

An edge that crosses k
adjacent edges

Q(n?/k?)
(Section 5.2)

O(k*n?)
(Section 5.2)

Straight-
line RAC

Two edges crossing at an
angle < 3

Q(n?)
(Section 5.3)

Oo(n?)
(Section 5.3)
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are characterized by certain forbidden crossing configurations of the edges; see the recent survey by
Didimo et al. [11] and the recent book by Hong and Tokuyama [14]. Table 1 provides a summary
of the definitions of beyond-planar graph classes relevant for this paper.

We study the relation between the crossing number restricted to beyond-planar drawings, and
the (unrestricted) crossing number. The restricted crossing number cry(G) of a graph G is the
minimum number of crossings required to draw G such that the drawing satisfies the restrictions
imposed by the beyond-planar family F. For a beyond-planar family F, the crossing ratio or is
defined as gr = supgercrr(G)/cr(G), that is, the supremum over all graphs in F of the ratio
between the restricted crossing number and the (unrestricted) crossing number.

Very recently, Urschel and Wellens [23] studied a related concept specifically for k-planar graphs.
The local crossing number ler(I') of a drawing I" of graph G is the maximum number of crossings
per edge. Correspondingly, the local crossing number ler(G) of G is the minimum over all possible
drawings of G. Hence a graph G is k-planar if its local crossing number is k. Urschel and Wellens
aim to find drawings that simultaneously minimize the crossing number and the local crossing

number, that is, they aim to minimize ;r((g)) . llg((g))

Results. Chimani et al. [9] gave bounds on the crossing ratio for the 1-planar, quasi-planar,
and fan-planar families. These results show that there exist graphs that have significantly larger
crossing numbers when drawn with the beyond-planar restrictions. Their 1-planarity bound also
applies to k-planarity when allowing parallel edges. We show that parallel edges are not needed
when extending their proof to k-planarity. To do so, we introduce the concept of k-planar compound
edges, which exhibit essentially the same behavior as k parallel edges. See Section 2 for details.
In Section 3 we show how to extend the proof constructions of Chimani et al. for quasi-planar
and fan-planar graphs to two additional classes of beyond-planar graphs: (k,1)-grid-free graphs
and k-gap-planar graphs. These constructions use the concept of ¢-compound edges; in Section 4
we show how to use such /-compound edges to prove lower bounds for two further families of
beyond-planar graphs, namely skewness-k graphs and k-apex graphs. Finally, in Section 5 we
introduce the concept of £-bundles which allow us to prove tight bounds on the crossing ratio for
families of graphs where these bounds are quadratic in the number n of vertices. We prove tight
quadratic bounds for planarly connected graphs, k-fan-crossing-free graphs, and straight-line RAC
graphs. All bounds are summarized in Table 1. Bounds that are tight for a fixed k are indicated
in boldface. Last but not least, in Section 6 we show that all bounds also apply to straight-line
drawings.

2 k-Planar Graphs

In a k-planar drawing no edge can be involved in more than k crossings. Chimani et al. [9] prove a
tight bound on the crossing ratio for 1-planarity: g1—p1 = n/2 — 1. They also noted that the same
arguments hold for k-planarity, if one allows parallel edges (multiple edges between two vertices).
They achieve a k(n — 2)/2 lower bound on g;_p for graphs with n vertices by replacing all edges
except for one in their construction for 1-planarity by k& parallel edges. We show that parallel edges
are not needed to extend their proof to k-planarity. However, the dependence on k in the lower
bound that we achieve is worse than the lower bound by Chimani et al. using parallel edges.

To extend their construction to k-planarity we introduce k-planar compound edges (see Fig-
ure 1), which exhibit essentially the same behavior as k parallel edges. One k-planar compound
edge consists of k? parallel edges, each subdivided k — 1 times (so it consists of a total of k3 edges).
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Figure 2: Construction in [9]. Left: drawing of G, with cr(Gy) = 2; Right: 1-planar drawing of Gy
with cri_pi(Ge) = 114,

We replace each set of parallel edges in their construction with a k-planar compound edge. In a
k-planar setting, each k-planar compound edge can cross one other k-planar compound edge such
that each edge has exactly k crossings (see Figure 1).

Theorem 1 For every { > T there exists a k-planar graph G with n = 230(k — 1)k? + 114 + 2
vertices such that cr(GY) < 2k? and cry_p1(G5) > k*(110), thus ok—p1 € Q(n/k).

Proof: We construct the graph G, as described by Chimani et al. [9], Section 2 (see Figure 2).
The construction of Gy consists of three parts: a rigid graph P (round vertices, black edges); its
dual P* (square vertices, purple); a set of binding edges which connects P to P* (grey); and one
special edge (orange). The graph G, has 11¢ 4 2 vertices and 23¢ 4 1 edges.

Subsequently, we replace each edge in G, except the special edge with a k-planar compound
edge. That is, we replace every black, grey, and purple edge by k2 parallel edges, all split by k& — 1
vertices. The resulting graph G% has n = 230(k — 1)k? + 114+ 2 vertices. Two k-planar compound
edges may cross while maintaining k-planarity (see Figure 1). The graph G} admits a drawing
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with 2k? crossings (see Figure 2, left) where P* is drawn entirely in one face (shaded purple).
Thus, cr(G}) < 2k2. Note that this drawing is not k-planar.

We show that cry_p(GF) > k*(11¢). Suppose we have a k-planar crossing-minimal drawing T
of Gf. We remove the interior vertices of each k-planar compound edge in I' and hence each path
of length k becomes one edge. Thus, each k-planar compound edge becomes k2 parallel edges,
which results in a drawing IV of a multigraph H, éfz. Since we removed only subdivisions of edges,
it follows that the number of crossings in I' is equal to the number of crossings in I'. Observe
that H fz is a modification of G, where each edge except the special orange edge is replaced with
k? parallel edges. This multigraph H, fz with 114 + 2 vertices is the same graph as the one used in
Corollary 3 [9] which proves that crkz_pl(Hf) = k*(11¢).

In I' each edge in each path of length k had at most %k crossings. Thus, in I'” each edge has at
most k2 crossings (the special edge has at most k crossings). Therefore, I is a k2-plane drawing
of Hf. Thus, there are at least k*(11¢) crossings in I and at least k*(11¢) crossings in T'. Since
I is a crossing-minimal drawing of G¥ (by definition), it follows that cry_p(Gf) > k*(11¢). Recall
that cr(G%) < 2k? and n = 230(k — 1)k? + 11¢ + 2. We can conclude that g1 € Q(n/k). O

A k-planar graph with n vertices can have at most 3.81v/kn edges [1]. Each edge can have at
most k crossings. Thus, a crossing-minimal k-plane drawing cannot have more than k - 3.81v/kn
crossings and therefore g _p1 € O(kvVkn).

3 (k,l)-Grid-Free and k-Gap-Planar

Chimani et al. [9] prove bounds on the crossing ratio for k-quasi-planarity and
fan-planarity using the notion of extended edges, which we refer to as ¢-compound
edges: an {-compound edge xy is a combination of the edge zy and a set Il
of ¢ — 1 paths of length two connecting x and y (see figure on the right). We
indicate f-compound edges with thick blue lines. We say that an /-compound l
edge Ty crosses an edge e, if the edge zy crosses e. Correspondingly, we say that
two f-compound edges xy and x'y’ cross, if the edges zy and z'y’ cross.

In their Lemma 5 (restated as Lemma 1 below), Chimani et al. show that if y
two f-compound edges cross in a drawing I', then I" contains at least £ crossings.
Hence, for a drawing to have less than ¢ crossings no two f-compound edges can cross. Chimani et
al. then construct graphs where the endpoints of an /-compound edge are separated by a closed
curve which forces ¢ crossings. They conjectured that similar constructions could be used on
additional families of beyond-planar graphs. Here we show that this is indeed the case by using
similar constructions to prove lower bounds for (k,!)-grid-free graphs and k-gap-planar graphs.

Lemma 1 (Lemma 5 in Chimani et al. 2019 [9]) Let G be a graph containing two indepen-
dent edges uwv and wz. Suppose that u and v (w and z, resp.) are connected by a set Iy, (M.,
resp.) of £ — 1 paths of length two. Let T' be a drawing of G. If uv and wz cross in ', then T’
contains at least ¢ crossings.

For both classes we prove lower bounds on the crossing ratio which are linear in the number of
vertices n. Specifically, in Section 3.1, we prove a general lower bound for the (k,!I)-grid-free
crossing ratio for all £k > 1 and [ > 1. Then, in Section 3.2, we first prove a tight lower bound for
1-gap-planarity and then extend it to k-gap-planarity.
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Figure 3: Left: drawing of Gy with cr(Gy) < 6; Right: (2,3)-grid-free drawing of G, with

T2 3_grid—free (G¢) > ¢, {-compound edges drawn with thick blue lines.

3.1 (k,1)-Grid-Free Graphs

In a (k,l)-grid-free drawing it is forbidden to have a k x [ grid, that is, a set of k edges that cross a
set of [ edges. To construct arbitrarily large graphs in which this restriction forces many crossings,
we start by creating a cycle of length 2k + 2] of f-compound edges and connect each vertex of the
cycle to an additional vertex x using a further 2k + 2 ¢~-compound edges. By Lemma 1 none of the
{-compound edges can cross or the drawing has ¢ crossings. Note that k and [ are constants, while
¢ can become arbitrarily large with respect to k and I. We add a k x [ grid connecting the vertices
of the cycle (see Figure 3, left; {-compound edges are indicated in blue, grid edges in black). In an
(k,1)-grid-free drawing, one grid edge has to be drawn in the same face (with respect to the cycle)
as the vertex x and must hence cross an f-compound edge, incurring ¢ crossings. Theorem 2 and
its proof formalize these arguments.

Theorem 2 For every £ > 2.k > 1,1 > 1 there exists a (k,l)-grid free graph Gy with n =
4(k+ 1) —2(k 4+ 1) + 1 vertices such that cry —grid—tee(Ge) > £ and cr(Gy) < kl.

n
Thus, Ok,l—grid—free € Q(m) :

Proof: We first construct a graph G’ which consists of a cycle C of length 2k + 21, C' =

(ug,...,uspto;) and a vertex x connected to each vertex of C. Now we construct a graph Gy
by replacing each edge in G’ by an f-compound edge. Finally, we add the grid edges u;uopti—i+1
for i = 1,...,k and ugysusgroi—iv1 for i = 1,...,1 (see Figure 3 with &k = 2 and [ = 3). Gy has

n =2(k+ 1€+ 2(k +1) — 19 vertices. Note that G’ is a subgraph of G,. If two edges of G’ cross
each other, then the claim follows from Lemma 1.

If no grid edge in Gy crosses the subgraph G’, then all grid edges must be drawn within the
unique face of size 2k 4+ 20 in G’ and hence the drawing is not (k,1)-grid-free. Therefore at least
one grid edge e = u;u; must cross an edge ab of G'. More specifically, e must cross an edge az, as
x connects to all vertices on the cycle C.

The edge e connects two vertices u; and u; of C. There exist two paths in C which connect u;
and u;. One of these paths does not contain a. Now consider the closed curve v formed by this
path and e. This curve partitions the plane into two or more regions. Since the edge e crosses the
edge ax, a and z lie in different regions of . Hence the f-compound edge between a and x in G,
must cross 7y resulting in £ crossings. O
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The maximum number of edges in (k, [)-grid-free graphs with n vertices is ¢x n, where ¢ ; depends
only on k and ! [16]. Thus, for simple drawings, ok ;—grid—free < g(k,1) - n? for a computable
function g depending only on k and [.

3.2 k-Gap-Planar Graphs

In a k-gap-planar drawing every crossing is assigned to one of the two edges involved. No more
than k crossings can be assigned to a single edge. We first describe our lower bound construction
for kK = 1 and then show how to extend it to larger k. As before we create a cycle C of length 8 of
{-compound edges and connect each vertex of the cycle to an additional vertex = using a further
8 f-compound edges. Again by Lemma 1 none of the ¢-compound edges can cross. We add four
single edges which connect diametrically opposite vertices of C (see Figure 4, left; ¢-compound
edges are indicated in blue, single edges in black). In a 1-gap-planar drawing one single edge has
to be drawn in the same face (with respect to the cycle) as the vertex 2 and must hence cross an
{-compound edge, incurring ¢ crossings.

Theorem 3 For every ¢ > 2 there exists a 1-gap-planar graph Gy with n = 160 — 7 vertices such
that cri_gap(Ge) > £ and cr(Gy) < 6. Thus, g1—gap € O(n).

Proof: The upper bound follows directly from the fact that a 1-gap-planar graph with n vertices
can have at most 5n — 10 edges [3]. Since each edge can have at most one crossing assigned to it,
the number of crossings cannot exceed the number of edges. Thus, a 1-gap-planar graph can have
no more than 5n — 10 crossings. Clearly, if cri_gap(G) > cr(G) it must hold that cr(G) > 2 and
therefore p1_gap € O(n).

For the lower bound we first construct a graph G’ which consists of a cycle C of length eight,
C = (u1,uq,...,us) and a vertex x connected to each vertex of C'. Now we construct a graph G,
by replacing each edge in G’ by an ¢-compound edge. Finally, we add the single edges w;u; 44,7 =
1,2,3,4 (see Figure 4). Gy hasn = 16(¢ — 1) +9 = 16¢ — 7 vertices. Note that G’ is a subgraph of
Gy. If two edges of G’ cross each other, then the claim follows from Lemma, 1.

If no single edge crosses the subgraph G’, then all single edges must be drawn within the unique
face of size eight in G’. All single edges cross each other, causing six crossings, which need to be
mapped to the four single edges. This is not possible and hence the drawing is not 1-gap-planar.
Therefore, at least one single edge e = w;u; must cross an edge ab of G'. More specifically, e must
cross an edge az, as x connects to all vertices on the cycle C.

Figure 4: Left: drawing of G, with cr(Gy) < 6; Right: 1-gap-planar drawing of G, with
Cr1_gap(Ge) > ¢, (-compound edges are drawn with thick blue lines.
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The edge e connects two vertices u; and u; of C. There exist two paths in C' which connect u;
and u;. One of these paths does not contain a. Now consider the closed curve v formed by this
path and e. This curve partitions the plane into two or more regions. Since the edge e crosses the
edge ax, a and z lie in different regions of y. Hence the /-compound edge between a and z in G,
must cross 7y resulting in £ crossings. O

In general, a k-gap-planar graph with n vertices can have at most O(v/kn) edges [3]. Since
each edge can have at most k crossings assigned to it, the number of crossings cannot exceed the
number of edges times k. Thus, a k-gap-planar graph can have no more than O(k‘\/En) crossings
and therefore gr_gap € O(k\/En) To prove a lower bound for k-gap-planarity, we can use exactly
the same construction as above starting with a cycle of length 8%. Our lower bound is cubic in 1/k
and hence does not match the upper bound.

Corollary 4 For every [ > 2 there exists a k-gap-planar graph G5 with n = 16k{ — 8k + 1 vertices
such that cry—gap(G5) > € and cr(GE) < 8k? — 2k. Thus, gk—gap € Q2n/k3).

Proof: We first construct the graph G* starting with a cycle C' = (uy,us, ..., ugy) of length 8k
and a vertex z connected to each vertex of C. Now we construct a graph Gf by replacing each
edge in G* by an f-compound edges. Finally, we add the single edges wu;u; 4,1 < i < 4k.

If all 4k single edges are drawn inside the cycle C' they all mutually cross, resulting in (42k) =
1(4k)(4k —1) = 8k? — 2k crossings. Since 8k*—2k > 4k? for k > 1 the crossings cannot be mapped
to the 4k edges without exceeding a load of k crossings per edge. Hence at least one single edge

must cross an edge of G* and the argument follows as above. O

4 Skewness-k and k-Apex Graphs

In this section we further explore the use of /~-compound edges for the construction of lower bound
examples. In particular, we consider the two families of skewness-k graphs and k-apex graphs. As
in the previous section, we exploit the fact that crossings of -compound edges result in £ crossings,
which allows us to enforce a structure on crossing-minimal drawings.

4.1 Skewness-k Graphs

In a skewness-k drawing all crossings must be covered by a specific set of most k edges. A crossing
is covered by an edge when the edge is part of the crossing. In particular, in a skewness-1 drawing,
there is one special edge that covers all crossings. Skewness-1 drawings are also known as almost
planar or near planar drawings. We first describe our lower bound construction for £ = 1 and then
show how to extend it to larger k.

Theorem 5 For every £ > 3 there exists a skewness-1 graph Gy with n = 11¢ — 4 vertices such
that crskew—1(Ge) > € and cr(Gy) < 3. Thus, Oskew—1 € O(n).

Proof: The upper bound directly follows from the fact that a skewness-1 graph with n vertices
can have at most 3n — 5 edges [11]. Since one edge must cover all crossings, there cannot be more
crossings than the number of edges. Thus, a crossing-minimal skewness-1 drawing cannot have
more than 3n — 4 crossings and therefore gskew—1 € O(n).

For the lower bound we first construct a graph G’ which consists of a path P = (uy ... ug) of
length six and a vertex x connected to each vertex of P. We construct a graph G, by replacing
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each edge in G’ by an ¢-compound edge. Finally, we add the single edges ujuyg, usus and uzug (see
Figure 5). Gy has n = 114 — 11 + 7 = 114 — 4 vertices. Note that G’ is a subgraph of Gy. If two
edges of G’ cross each other, then the claim follows from Lemma 1.

Crossing-minimal skewness-1 drawings must be simple. Assume for contradiction that a crossing-
minimal skewness-1 drawing is not simple. Then there must be two edges e and e’ which have
more than one point in common. One of these edges, say e, must be the special edge. Hence €’
cannot cross any other edges than e. We can reroute e along e’ between two of their share points,
thereby reducing the number of crossings.

Assume that each edge uw;u;41 of P defines a 3-cycle with z and its incident edges such that
all other vertices lie in the same face bounded by the 3-cycle. We argue that in this case there
is no possible simple skewness-1 drawing. We start with the crossing-free drawing I' of the edges
connecting the endpoints of /-compound edges and we add the edge ujus. Since we can assume
that the drawing produced is simple, uju4 can only be drawn with 0 crossing or with at least two
crossings. If it is drawn with at least two crossings, then uju4 is the special edge. Symmetrically,
the same holds for ugug. Since at least one of them is not the special edge, at least one of them is
drawn with 0 crossings with respect to the {-compound edges, without loss of generality we assume
that ujuy is drawn without crossings. Now, there is a 3-cycle (ug,uq, ) that divides both vertex
pairs usus and usug. Both edges will have to cross the 3-cycle, thus one of the edges of the 3-cycle
has to be the special edge. In particular, this implies that neither usus nor usug are the special
edge.

By the argument above, ugug cannot cross I'. Therefore, usug, has to cross ujus, making uquy
the special edge. Now us and uy are separated by the 3-cycle (us, ug, z). Since the special edge is
not part of this cycle, it is not possible for I to be a skewness-1 drawing. An illustration can be
found in Figure 5 on the left.

If there is a skewness-1 drawing where all crossings are between single edges, then all vertices
must lie in the same face of G’. By the above argument, such a drawing is not skewness-1. By
Lemma 1 if two edges of G’ cross, the drawing has £ crossings. Thus, in a crossing-minimal
skewness-1 drawing I, at least one single edge e has to cross an edge ab of G’. One of these edges
is the special edge. Since I is simple, a and b must lie in different faces of IV and the ¢ — 1 paths
connecting a and b must cross e, resulting in at least £ crossings. |

We extend the proof for the skewness-1 crossing ratio to the skewness-k crossing ratio.

Theorem 6 For every { > 3 there exists a skewness-k graph G% with n = 110k — 5k + 1 vertices
such that crskew,k(Gf) > bk and cr(Gé?) < 3k. Thus, Oskew—k € Qn/k).

Proof: We construct a graph Gf by identifying the vertex x of k copies of Gy (see Figure 6). A

N

Figure 5: Left: drawing of G, with cr(Gy) < 3; Right: skewness-1 drawing of G, with
Crskew—1(Ge) > £, -compound edges are drawn with thick blue lines.
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x x

Figure 6: Left: drawing of G, with cr(Gy) < 3k; Right: skewness-k drawing of G, with
Crskew—k (Ge) > kf, each of the k petals contains a copy of Gy, resulting in a graph Gf, {-compound
edges are drawn with thick blue lines.

drawing of G} is skewness-k if and only if all k instances of Gy are skewness-1. Hence, applying
the above proof on all instances gives crskew_k(G’Z) = kf. However, there exists an unrestricted
drawing with cr(G5) < 3k where each Gy is drawn with three crossings (see Figure 6, left). O

A skewness-k graph with n vertices can have at most 3n—6+k edges [11]. Since at most k edges
are involved in all crossings, there cannot be more crossings than the number of edges times k.
Thus, a crossing-minimal skewness-k drawing cannot have more than 3kn — 6k + k2 crossings and
therefore ggkew 1 € O(kn + k2).

4.2 k-Apex Graphs

In a k-apex drawing all crossings must be covered by at most k vertices. A crossing is covered by
a vertex when an edge incident to that vertex is part of the crossing. Every skewness-k drawing
is also k-apex. Hence we know that there is a graph G, with n = 11¢ — 4 vertices which admits
a drawing with three crossings (see Figure 5, left) and admits a 1-apex drawing with ¢ crossings
(see Figure 5, right).

Moreover, the proof of Theorem 5 of the lower bound on the skewness-1 crossing ratio translates
to l-apex drawings. In the case in which each edge u;u;+1 of P defines a 3-cycle with x and its
incident edges such that all other vertices lie in the same face bounded by the 3-cycle, the drawing
cannot be l-apex, as removing any vertex could still not produce a plane drawing (see Figure 5,
left). The rest of the proof directly translates to this setting.

Corollary 7 For every £ > 3 there exists a 1-apex graph Gy with n = 114 — 4 vertices such that
Cr1_apex(Ge) > £ and cr(Gy) < 3. Thus, 01—apex € Q(n).

This bound is not tight, as the upper bound is quadratic. A 1-apex graph with n vertices can
have at most 4n — 10 edges [11]. Thus, a l-apex crossing-minimal drawing has at most (4n — 10)?2
crossings and therefore g1 _apex € O(n?).

Similar to the 1-apex example, we know that for each k there is a graph G§ with n = 11¢k—5k+1
vertices which admits a drawing with 3k crossings and admits a k-apex drawing with k¢ crossings.
As before, the proof for skewness-k translates to k-apex, because the drawing is only k-apex when
every copy of Gy is drawn 1-apex.

Corollary 8 For every { > 3 there exists a k-apex graph G% with n = 110k — 5k + 1 vertices such
that cry—apex(GY) > €k and cr(GY) < 3k. Thus, k—apex € Qn/k).
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E(k+1)

A k-apex graph with n vertices can have at most 3(n—k) 76+Zf=1 (n—i) = 3(n—k)—6+kn—=—=

2
: C . k(k+1)
edges [11]. Thus, a k-apex crossing-minimal drawing has at most (3(71 —k)—64+kn— T)

crossings and therefore gg_apex € O(k?n? — k%).

5 Planarly Connected Graphs, k-Fan-Crossing-Free Graphs
and Straight-line RAC-Graphs

In this section we introduce the concept of {s-bundles and f3-bundles, which are sets of ¢ paths of
length two or three, respectively, all connecting the same two vertices (see Figure 7). We indicate
£5-bundles and £3-bundles with thick red and green lines, respectively. The vertices that are interior
to a bundle have degree two. Two crossing bundles result in a quadratic number of crossings. We
show how to enforce such crossings to prove tight bounds on the crossing ratio.

Figure 7: Left: an /s-bundle; Right: an ¢3-bundle; drawn as a thick red or green line, respectively.

5.1 Planarly Connected Graphs

In a planarly connected drawing two edges can cross only if their endpoints are connected by
another edge which has no crossings. We prove in Theorem 9 that gp1—con € O(n?) by constructing
a graph in which a crossing occurs between two edges whose endpoints are not connected when two
vertices are drawn in the same face of a cycle composed of £o>-bundles. When drawing the vertices
in separate faces, two f2-bundles have to cross, resulting in a quadratic number of crossings. To do
so, we first argue in Lemma 2 that there is a planarly connected drawing that is crossing-minimal
in which /5-bundles do not cross themselves and no vertex lies between two consecutive paths of
the same /5-bundle.

Lemma 2 If a planarly connected graph G contains {2-bundles, then there is a planarly connected
crossing-minimal drawing I' of G in which paths from the same £s-bundle do not cross each other,
all paths of the same l3-bundle cross the same edges, and no vertex lies between two consecutive
paths of the same {o-bundle.

Proof: We first prove that in every planarly connected crossing-minimal drawing of G, paths from
the same /5-bundle do not cross each other.

Suppose there is a drawing where two paths p; and p, of an £o-bundle cross. One of the paths,
say p1, has less or equal crossings than the other path, say ps. If we draw po parallel and sufficiently
close to p1, such that there are no vertices between p; and ps and they both cross the same edges,
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then the number of crossings does not increase. However, since p; and ps do not cross anymore,
the number of crossings decreases by at least one. Recall that, by definition, in a graph containing
{5-bundles the vertices interior to a bundle have degree exactly two. Thus, in a planarly connected
drawing it is always possible to redraw a path p in an f>-bundle parallel and sufficiently close to
another path p’ in that bundle. Therefore, in a planarly connected crossing-minimal drawing edges
of the same ¢5-bundle do not cross.

The redrawing argument can also be used to prove that there is a planarly connected crossing-
minimal drawing I of G in which all paths from the same ¢5-bundle cross the same edges and no
vertex is drawn in between two consecutive paths of the same /3-bundle. Given a planarly connected
crossing-minimal drawing of G, for each ¢s-bundle we can select a path with the minimum number
of crossings and redraw all the other paths close to it such that they all cross the same edges and
no vertex lies in the small gap between one path and the next. O

Theorem 9 For every £ > 2 there exists a planarly connected graph Gy with n = T¢ + 6 vertices
such that crpl—con(Ge) > €% and cr(Gy) < 1. Thus, gpl—con € O(n?).

Proof: The upper bound op1—con € O(n?) follows directly from the fact that a planarly connected
graph with n vertices has at most cn edges, where ¢ is a constant [2].

For the lower bound, we construct a graph G,. We start with a 6-cycle (uy, ua,...,us), and an
edge ujuy, resulting in the graph G’. Then we replace each edge in G’ with an #>-bundle. Finally,
add regular edges usus and usug. The graph Gy has n = 7¢ 4+ 6 vertices and admits a drawing
with only one crossing (see Figure 8, left).

By Lemma 2 there is a planarly connected crossing-minimal drawing I" of Gy in which for every
{5-bundle its edges do not cross each other, all paths cross the same edges, and no vertex lies
between two consecutive paths. Let C be the cycle of ¢a-bundles C' = (uy, ug, us, ug). If C crosses
itself in I, then there are £? crossings. Otherwise C' is drawn without crossings in I' and defines two
faces of size eight. The other faces do not contain vertices of I' in their interior. Thus, us and ug
can either be drawn in the same face defined by C, or in different faces. If they are drawn in the
same face, I' cannot be planarly connected: a simple case distinction shows that there has to be
a crossing between two edges whose endpoints are not connected by any other edge. Specifically,
there is a crossing between either ujus and usuyg, uyus and ugug, usus and ugug or usus and uzy.
These are all not allowed, as each time there is no edge connecting the two edges. If us and ug are
drawn in different faces defined by C, then the fo-bundle usus has to cross C. As C'is composed of
£5>-bundles, there are £ cycles, distinct in edges, all separating ug and uy. All the ¢ distinct paths
in the f»-bundle usuz have to cross the £ distinct (in edges) cycles in C. Therefore, ' has at least
£? crossings. O
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Figure 8: Left: drawing of G, with cr(Gy) = 1; Right: planarly connected drawing of G, with
Crpl—con(Ge) = €2, la-bundles are drawn with thick red lines.

5.2 k-Fan-Crossing-Free Graphs

In a k-fan-crossing-free drawing it is forbidden for an edge to cross k edges which are
adjacent to the same vertex. While it is possible for an edge to “weave” through an
£y-bundle with ¢ < 2k —2 (see figure on the right), no edge can cross an f5-bundle with
¢ > 2k—1. In contrast, 3 bundles can be crossed for any ¢. Lemma 3 argues that, given
a sufficiently large ¢, there is a fan-crossing-free drawing that is crossing-minimal in
which /s-bundles do not cross themselves and no vertex lies between two consecutive
paths of the same />-bundle. We prove in Theorem 10 that ofn—free € 2(n?) and
Ok—tan—free € Q(n?/k3) using £o-bundles to force £3-bundles to cross.

Lemma 3 Let G be a k-fan-crossing-free graph and let p be the length of the longest
simple path in G. If G contains la-bundles with £ > 2p(k — 1) + 1, then in any crossing-minimal
k-fan-crossing-free drawing of G the edges in the ls-bundles have no crossings.

Proof: Let I' be a crossing-minimal k-fan-crossing-free drawing of G and let A be the drawing of
an fo-bundle B in I'. We assume for the sake of contradiction that A has crossings in I". These
crossings can involve solely edges of B and also other edges of G. Let uw and v denote the two
endpoints of the bundle B. The drawing A is bounded by two curves 7; and 5 which connect u and
v. These curves are formed by the drawings of (parts of) edges of B (see Figure 9) and they bound

Figure 9: Left: An ¢5>-bundle B crossed by itself and by other edges. The four parts in which I'r
is partitioned are drawn in different colors: black, green, blue, and yellow. Right: Redrawing the
different (parts of) edges in I'g. This removes the crossings of B.
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a region R of the plane, which is exactly the region in which B is drawn. Our goal is to redraw
G without increasing the number of crossings such that the drawing remains k-fan-crossing-free
and (i) all parts of G which are not B are drawn in a e-strip along the boundary of R and (i7)
the bundle B is drawn crossing-free in the interior of R. Once the former is achieved the latter is
straightforward.

Consider the restriction I'g of the drawing I" to R, that is, only those parts of I" that lie strictly
in the interior of R. Specifically, neither the vertices u and v nor the curves ; and o are part
of I'r. We say that two vertices of G are R-connected if they are connected by a path which is
drawn fully in the interior of R. We can partition I'p into four parts: edges and vertices of B,
R-connected components that lie full inside R, R-connected components that touch the interior
of 71, and R-connected components that touch the interior of «5. For example, the green path in
Figure 9 lies fully in the interior of R, the blue R-connected components touch the interior of =1,
and the yellow R-connected components touch the interior of vs.

The drawing T is k-fan-crossing-free and ¢ > 2p(k—1), that is, -bundles are more than 2(k—1)
wider than the longest path in G. Any R-connected component that touches both v; and o must
contain parts of the drawing of a path in G that cross all paths in B. Since in a k-fan-crossing-free
drawing an edge can cross at most k — 1 edges incident to a vertex, in particular u or v, in total
the edges of a path can cross at most 2p(k — 1) edges of B. Hence no R-connected component can
touch both v; and ~s.

We can independently and locally redraw the edges of G that correspond to each part, B
in the interior of R, and the other three parts within a e-strip along the boundary of R. Note
that independent fragments of a single edge of G can appear in two parts and will be redrawn
independently. a

Theorem 10 For every £ > 95 there exists a fan-crossing-free graph Gy with n = 450+ 16 vertices
such that cean_free(Ge) > £2/2 and cr(Gy) < 2. Thus, Otan—tree € O(n?).

Figure 10: Left: drawing of G, with cr(Gy) < 2; Right: fan-crossing-free drawing of G, with
Clan—free (Gi¢) > €2. Thick red lines represent fo-bundles and thick green lines £3-bundles.
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Proof: The upper bound gpj—con € O(n?) follows directly from the fact that a fan-crossing-free
graph with n vertices can have at most 4n — 8 edges [8].

For the lower bound we construct a graph G, (see Figure 10). We start with a 10-cycle
C = <U1, ug ..., U10>. We add five vertices fl, fQ, ey f5 and add the edges fiUQi_Q, fiUQrL‘_l, fl'"U,Qi
fori=1,2,...,5. We add a new vertex x and connect it to each f; for i = 1,2,...,5. We then
replace each edge f;u; by an f2-bundle and replace each edge z f; and u;u; by an £3-bundle. Finally,
we add the regular edges ujus, uiuy, and ugug. The resulting graph G, has n = 45¢ + 16 vertices
and admits a drawing with only two crossings (see Figure 10, left).

In Ge there is a CyCIQ F= <f17 Uz, fQ, U4, f3, Ug, f4, us, f57 U10> of ég—bundles. There are 10+ 5 +
1 = 16 vertices which are not interior to bundles. The longest path can use at most two vertices
inside each bundle and has length at most 48 —1 = 47. Since £ > 95 = 2:47-(2—1)+1, by Lemma 3,
all £5>-bundles must be drawn without crossings and F' must be drawn plane. If uy, us, us, w7 and
ug all lie in the same face of F then we are effectively in the situation depicted in Figure 10 (left)
and the drawing is not fan-crossing-free. Hence uq, ug, us, vy, and ug must distribute over the two
faces of F. Specifically, we can assume that there is a vertex w;, i € {1,3,5,7,9}, such that u; lies
in the same face of F as z.

We consider the cycle Z consisting of the two f2-bundles between u; and f(;11)/2 and between
f(i+1)/2 and u;_1, and the f3-bundle between w; and w;_1. Symmetrically, we can consider the
cycle Z’ involving wu;11 instead of u;_;. The vertex x can lie within any face of the ¢3-bundle.
Consider the cycles formed by each path of the ¢3-bundle together with the two ¢3-bundles. These
cycles divide the plan into two faces. We say that the exterior face of each cycle is the face that
contains F'. We say that x lies in the exterior of Z (Z’, respectively), if it lies in the exterior face
of £/2 of these cycles. Otherwise, x lies in the interior of Z (Z', respectively). Observe that z lies
either in the interior of Z, or in the interior of Z’, or in the exterior of both.

If = lies in the exterior face of both Z and Z’, then the /3-bundle connecting  and f(;+1)/2
crosses at least £/2 paths in either Z or Z' (see Figure 10, right; u; = u3 and f;41)/2 = f2). If x
lies in the interior face of Z, then (by definition of the faces of Z) there is an f; # f(;11)/2 which
lies in the exterior face of Z. The f3-bundle connecting « and f; crosses at least ¢/2 paths in Z.
The argument for Z’ is symmetric. |

The proof can be extended to k-fan-crossing-free graphs by creating a cycle C' of length 6 4 2k
which results in a graph with 3/2 - (6 + 2k) + 1 = 10 + 3k vertices not interior to bundles and a
longest path of length at most 29 + 9%. Since no path should be able to cross the ¢5-bundles, we
require that ¢ > 2 (29 +9k) - (k — 1) + 1 = 18k% + 40k — 57.

Corollary 11 For every { > 18k? + 40k — 57 there ewists a k-fan-crossing-free graph G% with
n = 9kl+270+3k+10 vertices such that cti_tan—ree(GE) > €2 and cx(GY) < k. Thus, 0k—tan—free €
Q(n?/k3).

This bound is not tight in k. A k-fan-crossing-free graph with n vertices can have at most
3(k —1)(n — 2) edges [8]. Thus, a crossing-minimal k-fan-crossing-free drawing cannot have more
than 3(k — 1)(n — 2)? crossings. This yields ky_fan_tree € O(k*n?).

5.3 Straight-line RAC Graphs

A straight-line RAC drawing (Right Angle Crossing) is a straight-line drawing of a graph in which
any two crossing edges form a 7 angle at their crossing point. In a straight-line RAC drawing, it
is not possible for two adjacent edges to be crossed by the same edge. Thus, we observe that a
straight-line RAC drawing is also fan-crossing-free.
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Figure 11: Straight-line RAC drawing of Gy with crrac(Gy) > ¢? for ¢ = 3. Thick red lines
represent £o-bundles and thick green lines /3-bundles.

The proof and construction provided for the bound on the fan-crossing-free crossing ratio,
also holds for the straight-line RAC crossing ratio. Every time the proof states that the drawing
cannot be fan-crossing-free, the drawing is also not straight-line RAC. Thus, we can conclude that
a crossing-minimal straight-line RAC drawing I" of Gy in Theorem 10 contains at least ¢ crossings.
In Figure 11 we show such a drawing I' with ¢? crossings exists. To show that the crossings do
form angles of 7, in Figure 11 we draw the (3-bundles z f1, x f2, ¥ f5, uguz and uguio in detail for
¢=3.

A straight-line RAC graphs can have at most 4n — 10 edges [10]. Thus, straight-line drawings
of RAC graphs have at most (4n — 10)? crossings, giving orac € O(n?).

Corollary 12 For every £ > 95 there exists a straight-line RAC graph Gy with n = 450 + 16
vertices such that crrac(Gy) > €% and cr(Gy) < 2. Thus, grac € O(n?).

6 Beyond-Planar Graphs with Straight-line Edges

The straight-line setting imposes an additional constraint on the drawings. Therefore, all upper
bounds directly apply in the straight-line setting. Lemma 4 shows that it is sufficient to draw
each of our lower bound constructions with straight lines to establish the same lower bounds. We
say that two drawings of a graph are weakly isomorphic if there is a one-to-one correspondence
between their vertices and edges that is incidence-preserving and crossing-preserving.

Lemma 4 Let G be a graph and T’ be a drawing of G with x crossings, certifying that cr(G) < x.
Moreover, let F be a beyond-planar family of graphs such that crx(G) > y. If there is a straight-
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line drawing of G weakly isomorphic to T and a straight-line drawing of G in F, then ¢r(G) < x
and Tt (G) > y.

Proof: Since there is a straight-line drawing of G which has the same number of crossing as I’
it immediately follows that ¢r(G) < x. Drawing graphs with straight lines imposes additional
constraints. Since G has a straight-line drawing in F it follows that et z(G) > v. O

In the following, we either describe or directly draw straight-line versions of all drawings required
for the lower bound constructions in this paper. This directly implies that all bounds also hold in
the straight-line setting.

k-Planar Graphs. We argue that the 1-planar graph G, constructed by Chimani et al. [9] still
admits a straight-line drawing when edges are replaced with k-planar compound edges.

The graph G, without the special edge is planar. Thus, by Fary’s theorem it admits a plane
straight-line drawing. Moreover, as in Figure 2 on the left, G; can be drawn with straight-line
edges and such that ¢r(Gy) = 2. Since k-planar compound edges can be drawn with straight-
line edges and arbitrarily close to the original edges they replace, we have that G’Z admits a
straight-line drawing with 2k? crossings. Thomassen showed that for every 1-planar drawing I’
there exists a straight-line drawing weakly isomorphic to I' if and only if I" does not contain a B-
or W-configuration [22]. The 1-planar drawing in Figure 2 on the right contains neither a B- or
a W-configuration. Hence there is a straight-line drawing of G} that is also k-plane. Thus, by
Lemma 4, the bounds of Theorem 1 in [9] and Theorem 1 also hold in the straight-line setting.

k-Quasi-Planar Graphs. Chimani et al. [9] showed that gquasi € 2(n). Figure 12 is a straight-
line version of Figure 2 in [9], the drawings they use to support this lower bound. Thus, by
Lemma 4, the statement of Theorem 4 in [9] also holds in the straight-line setting. Chimani et
al. [9] showed that gx_quasi € 2(n/k?). For a different k& we can expand the drawings by adding
more vertices between us and us and between u4 and us and rearranging the edges such that they
all mutually cross, similarly to the argumentation for Corollary 6 in [9]. Again, by Lemma 4 the
statement of their corollary holds in the straight-line setting.

x x

[e,

Ug u3 Ug us

Figure 12: Straight-line drawings of graph G, that are weakly isomorphic to the drawings in
Figure 2 in [9]. Left: straight-line drawing of G, with cr(Gy) < 3; Right: straight-line quasi-planar
drawing of Gy with CTquasi(Ge) > £, {-compound edges are drawn with thick blue lines.



166  van Beusekom, Parada & Speckmann Crossing Numbers of Beyond-Planar Graphs

7\

Figure 13: Straight-line drawings of graph G, that are weakly isomorphic to the drawings in
Figure 3 in [9]. Left: straight-line drawing of Gy with €r(Gy) < 2; Right: straight-line fan-planar
drawing of Gy with CTgan(Ge) > £, f-compound edges are drawn with thick blue lines.

Fan-Planar Graphs. Chimani et al. [9] showed that gg, € Q(n). Figure 13 is a straight-line
version of Figure 3 in [9], the drawings they use to support this lower bound. Thus, by Lemma 4,
the statement of Theorem 7 in [9] also holds in the straight-line setting.

(k,1)-Grid-Free Graphs. Figure 14 is a straight-line version of Figure 3. Thus, by Lemma 4,
the statement of Theorem 2 also holds in the straight-line setting for k = 2,1 = 3. For a different
k we can expand the drawings by adding more vertices between u; and us and between ug and uz.
For a different [ we can do the same between us and us and between ug and uqg.

A A

6

Figure 14: Straight-line drawings of graph G, that are weakly isomorphic to the drawings in
Figure 3. Left: straight-line drawing of G, with ¢r(G,) < 6; Right: straight-line 2,3-grid-free
drawing of Gy with T2 3_grid—free (Gr¢) > ¢, {-compound edges are drawn with thick blue lines.

k-Gap-Planar Graphs. Figure 15 is a straight-line version of Figure 4. Thus, by Lemma 4, the
statement of Theorem 3 also holds in the straight-line setting. For a different k£ we can expand the
drawings by adding more vertices between us and us and between uy and us. Thus, by Lemma 4,
the statement of Theorem 4 also holds in the straight-line setting.

Skewness-k Graphs. Figure 16 is a straight-line version of Figure 5. Thus, by Lemma 4, the
statement of Theorem 5 also holds in the straight-line setting. For a different k£ we can expand
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U2 Us

us Uy

Figure 15: Straight-line drawings of graph G, that are weakly isomorphic to the drawings in
Figure 4. Left: straight-line drawing of G, with ¢r(Gy) < 6; Right: straight-line 1-gap-planar
drawing of Gy with €r1_gap(Ge) > ¢, ¢-compound edges are drawn with thick blue lines.

the drawings by adding more instances of G, to x. Thus, by Lemma 4, that the statement of
Theorem 6 also holds in the straight-line setting.

Uy Uy

U2 Us

uz Us

T

Figure 16: Straight-line drawings of graph G, that are weakly isomorphic to the drawings in
Figure 5. Left: straight-line drawing of G, with ¢r(Gy) < 3; Right: straight-line skewness-1
drawing of Gy with Cgkew—1(Ge) > £, f-compound edges are drawn with thick blue lines.

k-Apex Graphs. Figure 16 is a straight-line version of Figure 5. Thus, by Lemma 4, the
statement of Corollary 7 also holds in the straight-line setting. For a different £ we can expand
the drawings by adding more instances of Gy to x. Thus, by Lemma 4, that the statement of
Corollary 8 also holds in the straight-line setting.

Planarly Connected Graphs. Figure 17 is a straight-line version of Figure 8. Thus, by
Lemma 4, the statement of Theorem 9 also holds in the straight-line setting.

k-Fan-Crossing-Free Graphs. Figure 18 is a straight-line version of Figure 10. Thus, by
Lemma 4, the statement of Theorem 10 also holds in the straight-line setting. For a different k
we can expand the drawings in Figure 18 by making the cycle of length 3 + k, adding the extra
vertices between ug and uy, and adding more edges like ujug and uquy.
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Up Uy Ui Ug
: i U2 us ; 7 : i U2 Us ; 7
Ug Uus Ug us
Figure 17: Straight-line drawings of graph G, that are weakly isomorphic to the drawings in

Figure 8. Left: straight-line drawing of G with €r(Gy) < 1; Right: straight-line planarly connected
drawing of Gy with TTpi_con(Ge) > 22, ly-bundles are drawn with thick red lines.

Figure 18: Straight-line drawings of graph G, that are weakly isomorphic to the drawings in
Figure 10. Left: straight-line drawing of Gy with ¢r(Gy) < 2; Right: straight-line fan-crossing-free
drawing of Gy with €Ttan_free(G¢) > £2. Thick red and green lines represent /»- and £3-bundles.

7 Conclusion

We studied the relation between the crossing number restricted to beyond-planar drawings and
the (unrestricted) crossing number and established a number of new lower bounds on the crossing
ratio for several classes of beyond-planar graphs. Our results are summarized in Table 1. The
bounds printed in bold font are tight in the number of vertices n. An obvious open question is to
improve all bounds which are not tight. Even if a bound is tight in n it might not be tight in &,
the parameter which describes the graph class in question. In fact, not a single bound is currently
tight in & for non-constant k. Furthermore, it might be of interest to investigate what aspects of a
beyond-planar family cause a quadratic instead of a linear crossing ratio. Last but not least, the
upper bounds generally assume that drawings are simple. We conjecture that this restriction is in
fact not needed and that the bounds hold also in the non-simple setting.
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