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Abstract

Betweenness centrality—measuring how many shortest paths pass
through a vertex—is one of the most important network analysis concepts
for assessing the relative importance of a vertex. The well-known algorithm
of Brandes [J. Math. Sociol. ’01] computes, on an n-vertex and m-edge
graph, the betweenness centrality of all vertices in O(nm) worst-case
time. In later work, significant empirical speedups were achieved by
preprocessing degree-one vertices and by graph partitioning based on cut
vertices. We contribute an algorithmic treatment of degree-two vertices,
which turns out to be much richer in mathematical structure than the case
of degree-one vertices. Based on these three algorithmic ingredients, we
provide a strengthened worst-case running time analysis for betweenness
centrality algorithms. More specifically, we prove an adaptive running
time bound O(kn), where k < m is the size of a minimum feedback edge
set of the input graph.
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1 Introduction

One of the most important building blocks in network analysis is to determine a
vertex’s relative importance in the network. A key concept herein is betweenness
centrality as introduced in 1977 by Freeman [11]; it measures centrality based on
shortest paths. Intuitively, for each vertex, betweenness centrality counts the (rel-
ative) number of shortest paths that pass through the vertex. A straightforward
algorithm for computing the betweenness centrality on undirected (unweighted)
n-vertex graphs runs in O(n?) time. For the weighted case, an improvement of
this to O(n3~¢) time for any € > 0 would break the so-called APSP-conjecture [I].
Further, for unweighted graphs with constant maximum degree, computing the
betweenness centrality of a single vertex in O(n?~¢) time would break the strong
exponential time hypothesis (SETH) [7]. In 2001, Brandes [5] presented the
to date theoretically fastest algorithm, improving the running time to O(nm)
for graphs with m edges. As many real-world networks are sparse, this is a
far-reaching improvement, having a huge impact also in practice. We remark that
Newman [23, [24] presented a high-level description of an algorithm computing a
variant of betweenness centrality which also runs in O(nm) time.

Since betweenness centrality is a measure of outstanding importance in net-
work science, it finds numerous applications in diverse areas, e.g. in social network
analysis [24], [33] or neuroscience [16] 20]. Provably speeding up betweenness
centrality computations is the ultimate goal of our research. To this end, we
extend previous work and provide a rigorous mathematical analysis that yields a
new (parameterized) running time upper bound of the corresponding algorithm.

Our work is in line with numerous research efforts concerning the development
of algorithms for computing betweenness centrality, including approximation
algorithms [2] [12], 28], parallel and distributed algorithms [30] [32], streaming
and incremental algorithms [14] 22], algorithms for updates [19], and exact [9]
and fixed-parameter algorithms [6]. Formally, we study the following problem.

BETWEENNESS CENTRALITY

Input: An undirected graph G.
Task: Compute the betweenness centrality Cp(v) := ) tev(@) o5t (v) /g
for each vertex v € V(QG).

Herein, o4 is the number of shortest paths in G from vertex s to vertex t,
and o4 (v) is the number of shortest paths from s to ¢ that additionally pass
through v]T]

Extending previous, more empirically oriented work of Baglioni et al. [3], Puzis
et al. [27], and Sariyiice et al. [29] (see for a description of their
approaches), our main result is an algorithm for BETWEENNESS CENTRALITY
that runs in O(kn) time, where k denotes the feedback edge number of the
input graph G. The feedback edge number of G, also known as the cyclomatic
number, is the minimum number of edges one needs to delete from G in order

ITo simplify matters, we set os¢(v) = 0 if v = s or v = ¢. This is equivalent to the definition
used by Brandes [5] but differs from the definition used by Newman [23|, where ost(s) = 1.
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to make it a forestE| Clearly, £k = 0 holds on trees, and k = m — n + ¢ holds
in general, where c¢ is the number of connected components of G. Thus our
algorithm is adaptive, i.e., it interpolates between linear time for constant k and
the running time of the best unparameterized algorithmﬂ But as k = m — n,
we do not provide asymptotic improvement over Brandes’ algorithm for most
graphs. When the input graph is very tree-like (m = n+ o(n)), however, our new
algorithm theoretically improves on Brandes’ algorithm. Real-world networks
showing the relation between PhD candidates and their supervisors [, [I5] or
the ownership relation between companies [26] typically have a feedback edge
number that is smaller than the number of vertices or edges [25] by orders
of magnitudeﬁ Moreover, Baglioni et al. [3], building on Brandes’ algorithm
and basically shrinking the input graph by deleting degree-one vertices in a
preprocessing step, report on significant speedups in comparison with Brandes’
basic algorithm in empirical tests with real-world social networks. For roughly
half of their networks, m —n is smaller than n by at least one order of magnitude.

Our algorithmic contribution is to complement the works of Baglioni et al.
[3], Puzis et al. [27], and Sariytice et al. [29] by, roughly speaking, additionally
dealing with degree-two vertices. These vertices are much harder to cope with
and to analyze since, other than degree-one vertices, they may lie on shortest
paths between two vertices. From a practical point of view, one may expect
a significant speedup if one can take care of degree-two vertices more quickly.
This is due to the nature of many real-world social networks having a power-
law degree distribution [4]; thus a large fraction of the vertices are of degree
one or two. On the flip side, our more complicated algorithm incurs higher
constants in the running time, thus, definitive statements on the practicality
require experimental evaluations. The work of Vella et al. [3I] can be seen as a
first step in this direction: they used a heuristic approach to process degree-two
vertices for improving the performance of their BETWEENNESS CENTRALITY
algorithms on several real-world networks.

Our work is purely theoretical in spirit, the most profound contribution being
the analysis of the worst-case running time of the proposed betweenness centrality
algorithm based on degree-one-vertex processing [3], usage of cut vertices [27, 29],
and our degree-two-vertex processing. To the best of our knowledge, this provides
the first proven worst-case improvement over Brandes’ upper bound in a relevant
special case.

Notation. We use mostly standard graph notation. Given a graph G, V(G)
and E(G) denote the vertex respectively edge set of G with n = |V(G)| and m =

2Notably, BETWEENNESS CENTRALITY computations have also been studied when the input
graph is a tree [32], hinting at the practical relevance of this special case.

3We mention in passing that in recent work [21] we employed the same parameter “feedback
edge number” in terms of theoretically analyzing known data reduction rules for computing
maximum-cardinality matchings. Recent empirical work with this algorithm demonstrated
significant accelerations of the state-of-the-art matching algorithm [I8] [17].

4The networks are available in the Pajek Dataset of Vladimir Batagelj and Andrej Mrvar
(2006) (http://vlado.fmf.uni-1j.si/pub/networks/data/).
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|E(G)|. We denote the vertices of degree one, two, and at least three by V=!(G),
V=2(G), and VZ3(G), respectively. A cut vertex or articulation vertex is a
vertex whose removal disconnects the graph. A connected component of a
graph is biconnected if it does not contain any cut vertices, and hence, no
vertices of degree one. A path P =vy...v, is a graph with V(P) = {vo,..., v}
and E(P) = {{vi,vi11} | 0 < i < g}. The length of the path P is |E(P)|. We
call vy and v, the endpoints and v1,...,v4—1 the inner vertices of the path.
Adding the edge {vq,v0} to P gives a cycle C = vg ... v4v0. The distance dg(s,t)
between vertices s,t € V(G) is the length of the shortest path between s and ¢
in G. The number of shortest s-t—paths is denoted by o4. The number of shortest
s-t—paths containing some vertex v is denoted by o4 (v). We set og(v) = 0
if s=wvort=wv (or both).

We set [j,k] := {j,7+1,...,k} and denote for a set X by ()f) the size-i
subsets of X.

Lastly, when we talk about the time complexity of algorithms, we refer to
the number of arithmetic operations.

Paper outline. The presentation of our algorithm is split into two parts: In
we present the strategy of our algorithm. deals with the
main technical challenge of our algorithm, namely how to deal with consecutive
degree-two vertices. Some proofs in the latter part are deferred to the appendix.

Finally, we conclude in

2 Algorithm Overview

In this section, we review our algorithmic strategy to compute the betweenness
centrality of each vertex. Before doing so, since we build on the works of
Brandes [5], Baglioni et al. [3], Puzis et al. [27], and Sariyiice et al. [29], we first
give the high-level ideas behind their algorithmic approaches. Then, we describe
the ideas behind our extension. We assume throughout our paper that the input
graph is connected. Otherwise, we can process the connected components one
after another.

Existing algorithmic approaches. Brandes [5] developed an O(nm)-time
algorithm which essentially runs modified breadth-first searches (BFS) from each
vertex of the graph. In each of these modified BF'S starting in a vertex s, Brandes’
algorithm computes the “effect” that s has on the betweenness centrality values
of all other vertices. More formally, the modified BFS starting at vertex s
computes for every v € V(G) the value

Z ost(V) .

o
tev(a) =5t

Reducing the number of performed modified BFS in Brandes’ algorithm is
one way to speed up Brandes’ algorithm. To this end, a popular approach is to
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Figure 1: An initial graph where the Pen[-]-value of each vertex is 1 (top left) and
the same graph after deleting one (top right) or both (bottom left) pending trees
using Reduction Rule [I} The labels are the respective Pen[-]-values. Subfigure
(4.) shows the graph of (3.) after applying Lemma to the only cut vertex of
the graph.

remove in a preprocessing step all degree-one vertices from the graph [3] 27, [29].
By repeatedly removing degree-one vertices, whole “pending trees” (subgraphs
that are trees and are connected to the rest of the graph by a single edge) can
be deleted. Considering a degree-one vertex v, observe that in each shortest
path P starting at v, the second vertex in P is the single neighbor u of v. Hence,
after deleting v, one needs to store the information that u had a degree-one
neighbor. To this end, one uses for each vertex w a counter called Pen[w] (for
pending) that stores the number of vertices in the subtree pending on w that
were deleted before. In contrast to e.g. Baglioni et al. [3], we initialize for each
vertex w € V the value Pen[w] with one instead of zero (so we count w as well).
This simplifies most of our formulas. See (Parts (1.) to (3.)) for an
example of the Pen[-]-values of the vertices at different points in time. We obtain
the following (weighted) problem variant.

WEIGHTED BETWEENNESS CENTRALITY

Input: An undirected graph G and vertex weights Pen: V(G) — IN.
Task: Compute for each vertex v € V(G) the weighted betweenness cen-
trality

CB('U) = Z V(S’tvv)a (1)

s,teV(Q)
where (s, t,v) := Penls] - Pen[t] - 05:(v)/0st.

The effect of a degree-one vertex to the betweenness centrality value of its
neighbor is captured in the next data reduction rule.
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Reduction Rule 1 ([3, 27, 29]) Let G be a graph, let s € V(G) be a degree-
one vertez, and let v € V(G) be the neighbor of s. Then increase Pen[v] by Penls],
increase the betweenness centrality of v by Pen[s] - 3 v g\ (5,03 Penlt], and
remove s from the graph.

By [Reduction Rule 1| the influence of a degree-one vertex to the betweenness
centrality of its neighbor can be computed in constant time. This is since

Z Penlt] = ( Z Pen[t]) — Pen[s] — Pen[v],

teV(G)\{s,v} teV(QG)

and 3,y () Pen[t] can be precomputed in linear time.

A second approach to speed up Brandes’ algorithm is to split the input
graph G into smaller connected components and process them separately [27] [29].
This approach is a generalization of the ideas behind removing degree-one vertices
and works with cut vertices. The basic observation for this approach is as follows.
Consider a cut vertex v such that removing v breaks the graph into two connected
components C; and Cy (the idea generalizes to more components). Obviously,
every shortest path P in G that starts in C7 and ends in Cs has to pass through v.
For the betweenness centrality values of the vertices inside C (inside Cq) it is not
important where exactly P ends (starts). Hence, for computing the betweenness
centrality values of the vertices in Cq, it is sufficient to know which vertices
in C] are adjacent to v and how many vertices are contained in C5. Thus,
in a preprocessing step one can just add to Cy the cut vertex v with Pen[v]
being increased by the sum of Pen[]-values of the vertices in Cy (see
(bottom)). Formally, this is done as follows.

Lemma 1 ([27, 29]) Let G be a connected graph, let v be a cut vertex such that
removing v yields £ > 2 connected components C1,...,Cy, and let & := Penlv].
Then remove v, add a vertex v; to every component C;, make it adjacent to all
vertices in the respective component that were adjacent to v, and set

Penfv;] =&+ Z Z Pen[w].

Je[LA\{i} weV(C)\{v;}

For a vertex v in component C; denote by C’gi (v) the betweenness centrality
of v within the component C;. Computing the betweenness centrality of each
connected component independently, increasing the betweenness centrality of v by

‘
(Cgi (v;) + (Pen[v;] =€) - Z Penls]),

1 s€V(Ci)\{vi}

(2

and ignoring all new wvertices v; is the same as computing the betweenness
centrality in G, that is,

C§) = {C? (w) ifue V(C)\
N Yic1 (CF (v) + (Penfv] =€) - Yyeyco oy Penlsl),  ifu=v.
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Applying the above procedure as a preprocessing on all cut vertices and
degree-one vertices leaves us with biconnected components that we can solve each
independently. Here, we split off one special case, namely when a biconnected
component consists solely of degree-two vertices, that is, it is a cycle. The reason
for this is that our general algorithm requires vertices of degree at least three
as a basis. Our algorithm then efficiently processes paths of degree-two vertices
that connect these vertices of degree at least three.

We first look at the special case that the biconnected component is a cycle.
Then we deal with biconnected components that contain at least two vertices of
degree at least three (note that a component with only one vertex of degree at
least three cannot be biconnected).

2.1 Dealing with Cycles

We now show how to solve WEIGHTED BETWEENNESS CENTRALITY on cycles
with a linear-time dynamic programming algorithm. Note that the vertices
in the cycle can have different betweenness centrality values as they can have
different Penl[-]-values.

Proposition 1 Let C = xzg...x4x9 be a cycle. Then, one can compute the
weighted betweenness centrality of the vertices in C in O(q) time and space.

Proof: We first introduce some notation needed for the proof. We then show
how to compute BC[v] for v € V(C) efficiently. Finally, we prove the running
time.

By [xi,z;], 0 < 4,5 < g we denote the set of vertices {Zi, i1 mod (q+1)
Ti12 mod (q+1)s - - - » Lj ;. For a maximal induced path P™* = xq...x,, we define

Wett[z;] .= ZPen[xi], and

k=0
Pen[z;], if i = j;
Wz, z;] =« Wet[z,] — Wett[z,] 4 Pen[z;], if i < j;

Wleft [xq] _ Wleft [xz] + Wleft [x]] + Pen[xi], it > ]

The value W xz;, x;] is the sum of the values Pen[zy] with x) € [z;,x;]. Further,
we denote by (i) = (%1 +4) mod (¢ + 1) the index that is “opposite” to ¢
on the cycle. Note that if p(i) € IN, then ;) is the unique vertex in C' to
which there are two shortest paths from z;, one visiting #; 11 mod (4+1) and one
Visiting #;_1 mod (q+1)- Otherwise, if ©(i) & IN, then there is only one shortest
path from z;, to any t € V/(C). For the sake of readability, let Pen[z,(,,)] = 0
if (i) ¢ IN. We denote by ¢'*®(i) = [¢(i)] — 1 mod (¢ + 1) the index of the
vertex to the left of index ¢(i) and by "8 (i) = [¢(i)| + 1 mod (¢ + 1) the
index of the vertex to the right of index (7).
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We now describe how to compute BC[zi], 0 < k < ¢, which is the sum
of y(x;,t,x) over i € [0,q] and ¢t € V(C), with a dynamic programming
approach.

Our base case is BC[zg]. Note that the betweenness centrality of a single
vertex can in general not be computed in O(n?~¢) time for any £ > 0 unless the
SETH fails [7]. We show how to compute the betweenness centrality of z in O(n)
time if the input graph is a cycle. Observe that y(x;,t, 29) = 0if z; = xg or t = xo.
Also, for every shortest path starting in x,, ) and ending in some z;, 1 < j < ¢, it
holds that do(z4(0), ;) < do(Ty(0), To). Thus there is no shortest path starting
in () that visits zo. So we may ignore the cases i = 0 and i = ¢(0) and

BClwo) = Y Alwitwo)= D> ylwatwo)+ Y (@t o)

1€[0,q]\{¢(0)} i€[L,05™] ic[prEht,
tev(C) tevaC) t[g\(}(())q]
= Z Pen|z;] - Penlt] - o”#(fo) + Pen[z;] - Penlt] - %@f‘))
i€[lpg"™ ' i€y e ] ’
tev(C) teV(C)

By definition of ¢(7), we have that dc (@, Tyer () = do(@i, Tgrian () < %1.
Hence, there is a unique shortest path from x; to T er ;) VISiting ;11 mod (¢+1)
and there is a unique shortest path from z; to Tprighe () VISIEING T 1 mod (q+1)-
This gives us that in the equation above, in the first sum, all shortest paths
from z; tot € [xwright(i), x4] visit zo, and in the second sum, all shortest paths
from x; to t € [x1, Ter(y] Visit zo. If p(2;) € IN, then there are two shortest
paths from z; to z,(;), and one of them visits zp. With this at hand, we can
rewrite the sum as follows:

LPICft(O)
1
BClzg] = Y (Pen[zi] Penlzyq)- 5+ Y. Penfr]: Pen[t])
i=1 tE[@ right (;),%q]
? 1
+ Z (Pen[xi] -Pen[z, ;] - 3 + Z Pen|x;] ~Pen[t})
i:Sanght(O) t6[$17$¢15ft<i)]
Lpleft(o) 1
= Z Pen[xi] (5 Pen[l‘<p(7;)] + W[xwright(i)’ xq])
i=1

q
1
+ E Pen|z;] (5 Pen[z ] + Wz, .’L'Lpleft(i)]>.
i:gp"ight(o)

We can precompute the values W*[.] in O(q) time. The values W[, ] and also
the values (i) and its variants can then be computed in constant time. Thus
computing BC[xg] takes O(q) time.
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Assume now that we have computed BC|[zy] for some 0 < k < q. We claim
that BC[zk+1] can then be computed as follows:

BClzy41] = BC[zi] — Pen[z41] (Pen[wy,(11)]
+ 2W[:1:<Pright(k+1), Lk—1 mod (q+1)]) (2)
+ Pen[zi] (Pen[z (k)] + 2W [Tk42 mod (g+1)> Totett (k)))-

To this end, observe that all shortest paths in C' that contain xj as an inner
vertex also contain zpy1 as an inner vertex, except for those paths that start
or end in xy1. Likewise, all shortest paths in C' that contain xx41 as an inner
vertex also contain x; as an inner vertex, except for those paths that start or
end in z;. Hence, to compute BC[zy41] from BC[zy], we need to subtract
the v-values for shortest paths starting in xy; and visiting z, and we need
to add the «y-values for shortest paths starting in zj and visiting xxy1. Since
by each path contributes the same value to the betweenness
centrality as its reverse, it holds

BClag] = BO[wg] +2- Y y(wn, tywpgr) = (@, ty o). (3)
teVv(C)

With a similar argumentation as above for the computation of BC[zg], one
can show that shortest paths starting in z; and visiting xj4; must end in a
vertex t € [Trya, Tytere(y)] OF in Ty q1). Shortest paths starting in xp41 and
visiting xx must end in ¢ € [@rgne (j41), Th—1], OF in T, k). Just as above, for
both ¢ = k and ¢ = k41, some fixed vertex x; is visited by only half of the shortest

paths from z; to w ;). With the arguments above, we can rewrite [Equation (3
to obtain the claimed [Equation ( m

After precomputing the values W'*[.] and BC[z,] in O(q) time and space,
we can compute each of the values BC[xp41] for 0 < k < ¢ in constant time.
Hence, the procedure requires O(g) time. O

2.2 Dealing with Other Biconnected Graphs

Recall that, after our preprocessing on all cut vertices and degree-one vertices,
we obtain a graph consisting of biconnected components, each of which can be
solved independently. Also, in the previous subsection, we showed how to solve
WEIGHTED BETWEENNESS CENTRALITY on cycles. It remains to show how to
solve the problem on biconnected graphs that are not cycles (but contain at
least one).

Remark. Henceforth, in this paper, we assume that we are given a vertex-
weighted biconnected graph that is not a cycle.
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18.0 23.0 18.0 23.0

Figure 2:  An example graph containing a maximal induced path zg ... x5 (see
. The labels give the betweenness centrality values of the vertices.
Marked are shortest paths from a; to z3 (left-hand side) and from d; to zs
(right-hand side). The former affect the betweenness centrality value of x2, but
not of x3; the latter affect the betweenness centrality value of x3, but not of zs.
Hence, most, but not all, of the paths traversing through x, also affect the
betweenness centrality value of x3. Note that this difference cannot be decided
locally within the maximal induced path, but can have an arbitrary effect on the
difference arbitrarily far away in the graph. In this example graph, one could
add more and more “d-vertices” (the figure shows dy—d7) to further increase the
difference in the betweenness centrality values of xo and x3.

Outline of the algorithmic approach. Starting with a vertex-weighted
biconnected graph, our algorithm focuses on degree-two vertices. In contrast
to degree-one vertices, degree-two vertices can lie on shortest paths between
two other vertices. Moreover, different degree-two vertices on the same shortest
path can have different betweenness centrality values (see for an
example). This makes degree-two vertices harder to handle: Removing a degree-
two vertex v in a similar way as done with degree-one vertices (see
Rule 1)) potentially affects many other shortest paths that neither start nor end
in v. Thus, we treat degree-two vertices differently: Instead of removing vertices
one-by-one, we process multiple degree-two vertices at once and exploit that
consecutive degree-two vertices share many shortest paths they lie on, storing
information about the shortest paths in a table. To this end we introduce the
notion of maximal induced paths.

Definition 1 Let G be a graph. A path P = vg...vp is a mazimal induced
path in G if £ > 2 and the inner vertices vy, ...,v,—1 all have degree two in G,
but the endpoints vy and v do not, that is, degs(vi) = ... = degg(ve—1) = 2,
dege(vo) # 2, and degq(ve) # 2. Moreover, P™?* is the set of all maximal
induced paths in G.

In a nutshell, our algorithm treats each biconnected component of the input

graph in the following three stages (compare with [Algorithm 1)):
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Algorithm 1: Algorithm for computing betweenness centrality of a
biconnected graph that is not a cycle.

Input: An undirected biconnected graph G with vertex
weights Pen: V(G) — IN.
Output: The betweenness centrality values of all vertices.

1 foreach v € V(G) do BC[v] + 0
/] BC will contain the betweenness centrality values
2 Pmax +— all maximal induced paths of G
/] computable in O(n + m) time, see
3 foreach s € V=3(G) do
// some precomputations taking O(kn) time, see
compute dg(s,t) and oy for each t € V(G) \ {s}
Incls, t] < 2 - Pen[s] - Pen[t]/og for each t € V=2(G)
6 Inc[s, t] < Pen[s] - Pen[t] /oy for each t € VZ3(G) \ {s}
7 foreach zoz; ...x, = PM** € P™** do
// initialize W' and Wbt in O(n) time
Wt [z:0] + Pen[xg]; WM [z,] < Pen[z,]
for i =1 to ¢ do W'*[z,] « W[z, ] + Pen[z;]
10 | fori=gq—1to0do Wsht[zg,] « Wrieht[z, ] 4 Pen[z;]

11 foreach zoz...2y = P{"* € P™** do
// case s € V=2(PPX)  see|Section 3
/* deal with the case t € V=2(PaX), see|Section 3.1 *
12 foreach yoy ...y, = Pyax ¢ pmax\ {P{“%W‘
/* update BC' for the case v € V(P**) UV (P3X) */
13 foreach v € V(P**) U V(P5**) do
BCw] + BC[v] + (s, t,v)
/* now deal with the case v ¢ V(PP**) UV (P3x) */
14 update Inc[zg, yo], Inc[zy, yol, Inclxo, yr], and Inclzg, yy]
/* deal with the case that t € V=2(PaX), see Sectz’on */
15 foreach v € V(P**) do BC[v] - BC[v] 4+ v(s,t,v)
16 | update Inc[zg, 74 // this deals with the case v & V (P*x)
17 foreach s € V23(G) do
// perform modified BFS from s, see
18 foreach t,v € V(G) do BC[v] + BC[v] + Inc[s, t] - o5 (v

19 return BC.
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1. For all pairs s,t of vertices where s is of degree at least three, precom-
pute dg(s,t) and o, and initialize a table Incls, t] (see to[6)).

2. Compute betweenness centrality values for paths starting and ending in
maximal induced paths and store them in Inc[-, -], considering two cases

(see to[10):
— both endpoints of the path are in the same maximal induced path;
— the endpoints are in two different maximal induced paths.

3. In a postprocessing step, compute the betweenness centrality for all remain-
ing paths (at least one endpoint is of degree at least three) and incorporate

the values stored in Inc[-, ] (see to[L8).

Note that in a biconnected graph that is not a cycle, every degree-two vertex
is an inner vertex of a maximal induced path. If some degree-two vertex v was
not contained in a maximal induced path, then v would be contained in a cycle
that contains exactly one vertex u that is of degree at least three. But then u
is a cut vertex and the graph would not be biconnected; a contradiction. The
remaining part of the algorithm deals with maximal induced paths. Note that if
the (biconnected) graph is not a cycle, then all degree-two vertices are contained
in maximal induced paths:

Using standard arguments, we can show that the number of maximal induced
paths is upper-bounded by the minimum of the feedback edge number k of the
input graph and the number n of vertices. Moreover, one can easily compute all
maximal induced paths in linear-time (see [Line 2| of |Algorithm 1J).

Lemma 2 Let G be a graph with feedback edge number k that does not contain
degree-one vertices. Then G contains at most min{n, 2k} vertices of degree at
least three and at most min{n, 3k} mazimal induced paths.

Proof: Recall that our graph is biconnected. Thus ZveV(G) deg(v) = 2m =
2(n—14k), and

20n — 14+ k) =2(]V=3G)| + |[V=3(G)| — 1+ k)
= Z deg(v) = Z deg(v) + Z deg(v)
veEV(G) vEV=2(G) veEV Z3(G)
>2- V=@ +3-|V=3(G)).

Solving for |[V23(G)| gives us that there are at most 2k — 2 vertices of degree at
least three. Then }, i >3 () deg(v) = 3|[V=3(G)| < 6k — 6. It follows that there
are at most 3k paths whose endpoints are in V=3(G), hence |P™2*| < 3k — 3.
Clearly, for both the number of vertices of degree at least three and number of
maximal induced paths, n is also a valid upper bound. O

Lemma 3 The set P™* of all mazimal induced paths of a graph with n vertices
and m edges can be computed in O(n) time.
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Proof: Iterate through all vertices v € V(G). If v € V=2(G), then iteratively
traverse the two edges incident to v to discover adjacent degree-two vertices until
finding endpoints vy, v, € VZ3(G). If vy = v,., then we found a cycle which can
be ignored. Otherwise, we have a maximal induced path P™® = v, ...v,, which
we add to P™a*,

Note that every degree-two vertex is contained either in exactly one maximal
induced path or in exactly one cycle. Hence, we do not need to reconsider any
degree-two vertex found in the traversal above and we can find all maximal
induced paths in O(n) time. O

Our algorithm processes the maximal induced paths one by one (see |Lines 3
to[18]). This part of the algorithm requires pre- and postprocessing (see [Lines 3
to|10] and |[Lines 17| to [18| respectively). In the preprocessing, we initialize tables
that are frequently used in the main part (of . The postprocessing
computes the final betweenness centrality values of each vertex as this compu-
tation is too time-consuming to be executed for each maximal induced path.
When explaining our basic ideas, we will first present the postprocessing as this
explains why certain values will be computed during the algorithm.

Recall that we want to compute >, ;v () V(s,t,v) for each v € V(G) (see
[Equation (1)). Using the following observations, we split into

different parts.

Observation 1 For s,t,v € V(Q) it holds that v(s,t,v) = (1, s,v).

Observation 2 Let G be a biconnected graph with at least one vertex of degree
at least three. Let v € V(G). Then,

Z V(s t,0) = Z v(s,t,0) + Z v(t, s,v)

s,t€V(G) SEVZ3(G),teV(Q) SEV=2(G), teVZ3(G)
+ E (s, t,v) + E ~v(s,t,v).
SEV:2(Pllllax)7teV:Z(lenax) S’tev:2(Pl’nax)
oy phax ¢ pmax prax o pmex

Proof: The first two sums cover all pairs of vertices in which at least one of the
two vertices is of degree at least three. The other two sums cover all pairs of
vertices which both have degree two. As all vertices of degree two must be part
of some maximal induced path, we have V=2(G) = V=2(|J P™a). Two vertices
of degree two can thus either be in two different maximal induced paths (third
sum) or in the same maximal induced path (fourth sum). O

In the remaining graph, by [Lemma 2| there are at most O(min{k, n}) vertices
of degree at least three and at most O(k) maximal induced paths. This implies

that we can afford to run the modified BFS (similar to Brandes’ algorithm)
from each vertex s € V=3(GQ) in O(min{k,n} - (n + k)) = O(kn) time. This
computes the first summand and, by also the second summand in
Observation 2| However, we cannot afford to run such a BFS from every vertex.
Thus, we need to compute the third and fourth summands differently.
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To this end, note that o4 (v) is the only term in (s, t,v) that depends on v.
Our goal is to precompute y(s,t,v)/0os(v) = Pen[s] - Pen[t] /oy for as many
vertices as possible. Hence, we store precomputed values in a table Inc[-, -] (see

and . Then, we plug this factor into the next lemma which

provides our postprocessing.

Lemma 4 Let s be a vertex and let f: V(G)?> — N be a function such that for
each u,v € V(G) the value f(u,v) can be computed in O(t) time. Then, for
all v € V(G) one can compute the value 3y f(s,t) - ost(v) in O(n- 7 +m)
time.

Proof: This proof generally follows the structure of the proof by Brandes [5],
Theorem 6, Corollary 7], the main difference being the generalization of the
distance function to an arbitrary function f.

Analogously to Brandes we define o4 (v, w) as the number of shortest paths
from s to t that contain the edge {v, w}, and Ss(v) as the set of successors of
a vertex v on shortest paths from s, that is, Ss(v) = {w € V(G) | {v,w} €
E Adg(s,w) =dg(s,v) + 1}. For the sake of readability we also define xs, =
Ytev(a) f(s:1) - o5 (v). We will first derive a series of equations that show how

to compute xs,. Afterwards we justify [Equations (4) and

Xsv = Z f(37t)'05t(’l))

teV(G)

= Y [t Y oaww) = > DY f(st)ou(v,w)  (4)
teV(G) weSs(v) weSs(v) teV(G)

= Z (( Z f(s,t) - og(v,w)) + f(s,w) -o’sw(v,w))
weES(v) teV(G)\{w}

=Y (X e oaw - Z) ) a) 6
weSs(v)  teV(G)\{w} sw

= Z (Xsw : Z:: + f(sa w) : Usv)

weSs(v)

based on simple arithmetics. To see that is correct, observe that
each shortest path from s to any other vertex ¢ that contains v either ends in v,
that is, ¢ = v, or contains exactly one edge {v,w}, where w € Ss(v). If t = v,
then o (v) = 0 and therefore } .y 05 (v) = 321y D pes, (v) Tst(v,w). To see

that is correct, observe the following. First, note that the number
of shortest paths from s to ¢ that contain a vertex v is

We will now show that [Equations (4)[and [(5)are correct. All other equalities are
Fouation (1]

Ogp * Opt, Otherwise;

p (’U) _ {07 if dG(S,U) +dG(U,t) > dG(S,t);
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second, note that the number of shortest st-paths that contain an edge {v, w}, w €
Ss(v), is

s (0,0) = {o, if de(s,v) + da(w, t) + 1> da(s, b);
’ Osy - Owt, Otherwise;

and third, note that the number of shortest sw-paths that contain v is equal to

the number of shortest sv-paths. The combination of these three observations

yields o4 (v, W) = gy - Oyt = Ospy - Tt (W) /T sap-

We next show how to compute g, for all v € V in O(m + n - 7) time. First,
order the vertices in non-increasing distance to s and compute the set of all
successors of each vertex in O(m) time using breadth-first search. Note that
the number of successors of all vertices is at most m since each edge defines at
most one successor-predecessor relation. Then compute y,, for each vertex by a
dynamic program that iterates over the ordered list of vertices and computes

> (v

weSs(v)

O s + f(s,w) . gsv)

sw

in overall O(m+n-7) time. This can be done by first computing o for all t € V
in overall O(m) time due to Brandes [5, Corollary 4] and f(s,t) for all t € V(G)
in O(n - 7) time, and then using the already computed values Ss(v) and xsy to

compute
[oF
Xsv = E (Xsw =t f(va) 'Usv)
Usw
wES(v)

in O(|Ss(v)|) time. Note that ) . [Ss(v)| < O(m). This concludes the proof.
(]

The proof of provides us with an algorithm. Our goal is then to only
start this algorithm from few vertices, specifically the vertices of degree at least
three (see [Line 18| of [Algorithm 1f). Since the term 7 in the above lemma will be
constant, we obtain a running time of O(kn) for running this postprocessing on
all vertices of degree at least three. The most intricate part will be to precompute

the factors in Inc[-, -] (see and [L6] of [Algorithm T)). We defer the details to

Sections 3.1| and In these parts, we need the tables Weft and W& These
tables store values depending on the maximal induced path a vertex is in. More

precisely, for a vertex x; in a maximal induced path P™®* = xq...z,, we store
in W [z4] the sum of the Pen[-]-values of vertices “left of” zj in P™*; formally,
Weft[z,] = S°F | Pen[z,]. Similarly, we have Wb [z;,] = S"7"! Pen[z,]. The
reason for having these tables is easy to see: Assume for the vertex x, € P™?*
that the shortest paths to ¢t ¢ V(P™*) leave P™** through xzy. Then, it is
equivalent to just consider the shortest path(s) starting in xy and simulate
the vertices between xp and z¢ in P™™* by “temporarily increasing” Pen[z)
by W'ef[z;]. This is also the idea behind the argument that we only need to
increase the values Inc[-, -] for the endpoints of the maximal induced paths in
[Line 14] of [Algorithm 1|
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Mheorem 1l
; " 1
both endpoints in both endpoints in at least one end-
different paths the same path point of degree
(Proposition 2|) (Proposition 3)) at least three
v outside v inside v inside v outside
of the paths one path the path of the path
(Lemma 6) | | (Lemma &) | |(Lemma 9[) || (Lemma 10[)

v AN
’symmetry ) ‘ ’ postprocessing ‘

Figure 3: Structure of how the proof of[Theorem 1]is split into different cases. By
“paths” we mean maximal induced paths. The first layer below the main theorem
specifies the positions of the endpoints s and ¢, whereas the second layer specifies
the position of the vertex v, for which the betweenness centrality is computed.
The third layer displays further lemmata used to prove the corresponding lemma
above. Proofs of lemmata marked with an asterisk are deferred to the appendix.

This leaves us with the remaining part of the preprocessing: the computation
of the distances dg(s,t), the number of shortest paths o, and Inc[s, ] for s €
VZ23(G),t € V(G) (see to @ This can be done in O(kn) time as well.

Lemma 5 The initialization in the for-loop in|Lines to@ of |Algorithm 1| can
be done in O(kn) time.

Proof: Following Brandes [5, Corollary 4], computing the distances and the
number of shortest paths from a fixed vertex s to every t € V(G) takes O(m) =
O(n + k) time. Once these values are computed for a fixed s, computing Inc[s, ¢]
for t € V(G) takes O(n) time since the values Pen[s], Penlt], and o4 are known.
Since, by there are O(min{k,n}) vertices of degree at least three, it
takes O(min{k,n} - (n 4+ k +n)) = O(kn) time to compute to [} O

3 Dealing with maximal induced paths

In this section, we focus on degree-two vertices contained in maximal induced
paths. Recall that the goal is to compute the betweenness centrality Cp(v) (see

[Equation (1)) for all v € V(G) in O(kn) time. In the end of this section, we
finally prove our main theorem (Theorem 1J).
shows the general proof structure of the main theorem. Based on

Observation 2| which we use to split the sum in [Equation (1)[in the definition of

WEIGHTED BETWEENNESS CENTRALITY, we compute Cp(v) in three steps. By
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starting a modified BFS from vertices in V=3(G) similarly to Baglioni et al. [3]
and Brandes [5], we can compute

Z (¢, s,v) + Z ~(s,t,v)

s€eVZ3(G),teV(G) SEV=2(G),teV23(Q)

for all v € V(G) in overall O(kn) time. In the next two subsections, we show
how to compute the remaining two summands given in [Observation 2 (i.e., we

prove |Propositions 2[ and . In the last subsection, we prove [Iheorem 1}

3.1 Paths with endpoints in different maximal induced
paths

In this subsection, we look at shortest paths between pairs of maximal induced
paths P["** = zy...2, and P = yo...y,, and how to efficiently determine
how these paths affect the betweenness centrality of each vertex.

Proposition 2 In O(kn) time one can compute the following values for all v €

V(G):
Z (s, t,v).

SeV:Q(Pinax)’ teV:Z(PQmax)
leaX#PQmRXG'PmaX

In the proof of we consider two cases for every pair Pax =£
Pprax ¢ pmax of maximal induced paths: First, we look at how the shortest
paths between vertices in P"®* and P3"®* affect the betweenness centrality of
those vertices that are not contained in the two maximal induced paths, and
second, how they affect the betweenness centrality of those vertices that are
contained in the two maximal induced paths. Finally, we prove

Throughout the following proofs, we will need the following definitions (see
for an illustration). Let ¢ € P, Then we choose vertices 21, 28" e
V=2(P[2x) such that shortest paths from t to s € {1, xa,..., 21"} = X}°* en-
ter P™?* only via xg, and shortest paths from ¢ to s € {xiight, ey Tg_2, Tg—1} =
X, Bt enter Pmax only via x,. There may exist a vertex x9 to which there are
shortest paths both via 2o and via z,. For computing the indices of these vertices,
we determine an index 4 such that dg(xo,t) +i = dg(z4,t) + ¢ — i which is equiv-

alent to i = 3(q — da(xo,t) + da(zg,t)). If i is integral, then 24 = z;, zleft =
x;_1 and xiight = x;41. Otherwise, 2/"d does not exist, and 2} = z; 5
and xiight = Tj}1/2. For easier argumentation, if xi’“id does not exist, then we
say that Pen[zd] = Ogmia (V) /0ygmia = 0, and hence, y(zPid ¢ v) = 0.

3.1.1 Vertices outside of the maximal induced paths

We now show how shortest paths between two fixed maximal induced paths P>
and P;"** affect the betweenness centrality of vertices v that are not contained
in P or in Py"®* that is v € V(G) \ (V(P**) UV (P**)). Recall that in the
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max
Pl

Figure 4: An exemplary graph containing two maximal induced paths P"®* =

Zo ... xq and P3"**. The curled lines depict shortest paths from ¢ to zg and to x4
respectively. We then choose zleft, zimid 218t ¢ 1/(pmax) in guch a way that the
distance from ¢ to 2} and to x?ght is equal, that is, the red (solid) line and
the blue (dashed) line represent shortest paths of same length. Since z™9 is
adjacent to 2! and 218" there are shortest paths from ™ to ¢ via both z

and x4, that is, along the blue and the red line.

course of the algorithm we first gather values in Inc[s, t] for every s € V=3(G)
and t € V(G). Hereby, Inc[s,t] = v(s,t,v)/0s(v) measures how much the
shortest paths from s to t affect the betweenness centrality of all vertices in the
graph. Then, in the final step we compute Inc[s, ] - o4 (v) in O(kn) time.

Lemma 6 Let P"* £ Pax ¢ P™aX gnd assume that the values dg(s,t),
Wt [y] and Wt [v] are known for s,t € V=3(G) and v € V=2(G), respectively.
Then, excluding the running time of the postprocessing (see to|1§ in
, one can compute in O(|V=2(Pax)|) time the following.

Z (s, t,v). (6)

seV=2(Pmax) tcV=2(Ppmax)

Proof: We fix P["®* #£ P"®* € P& with P{"* = x¢ ... x4 and P"* = yo ... y,.
We show how to compute ZSQV:Z(PFEX)'V(SJ,?)) for a fixed t € V=2(Prax)
and v € V(G)\ (V(P*) UV (P3*)). Afterwards, we analyze the running time.

e : ight
By definition of z°f, x4 and 2}'®" we have

Z v(s,t,v) = y(@™9,t,v) + Z ~v(s,t,v) + Z (s, t,v).  (7)

SGV:2 (lemx) SeXleft SEX;ight

By definition of maximal induced paths, every shortest path from s €
V=2(PPax) to t visits either yo or y,. For ¢ € {zo, x4} let S(t,7) be a max-
imal subset of {yo,y,} such that for each ¢ € S(¢,9) there is a shortest st-
path via 1) and ¢. An example for this notation is given in Then,
for s € X} all st-paths visit 79 and ¢ € S(t,70). Hence, we have that o4 =
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max
Pl

I

Figure 5:  An example for the proof

[ bow of [omma 6 The endpoints of P

are ¢ and @. In this example we

have s € X} and the set S(t,2) =
. o _ {¢}. Hence, every shortest path from s
Yo s pyrax y'r to t visits yo and ¢.

D peS(ta0) Trop AN 05t (V) = 3 c 54 20) Twow (V). Analogously, for s € X7TE e

have Fhat Ost = Zs&ES(tﬂcq) Oz, and o4 (v) = ZgaeS(t,mq) Oz,0(v). Paths from ¢
to 24 may visit zo and ¢ € S(t,2¢) or z, and ¢ € S(¢,z,). Hence, Opgmia =
> peS(trg) Tzop T Z¢es(t7xq) 0z,- The equality holds analogously for o mia(v).
With this at hand, we can simplify the computation of the first sum of [Equa

tion (7)

Z v(s,t,v) = Z Pen(s] - Penl[t] - o5t (v)

left left Ost
seX seX

- ( Z Pen[s]) - Pen][t] - Zves(t,wo) Ozoe (V)

ZcpES’(t,xo) Ozop

seXeft
Z@GS(t,a:o) Ozop (’U)

Zgaes(t,ro) Oxop

— chft [.T}fft] . Pen[t] 3

Analogously,

ZgoES(t,zq) O-xqsﬁ(v)

Z@GS(t,mq) Oxqp

; 9)

ST (s, t,0) = WHE I Penf] -

right
seX,

and

E@es(t,mo) T (V) + ZgoeS(t,wq) Uwqcp(v)

ZgzeS(t,xo) Tzop + Z@ES(t,zq) Oxqp

y(29 ¢, v) = Pen[z™] - Penlt] -

(10)

With this we can rewrite to
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Z ~v(s,t,v)

S€V=2 (Plrnax)
[z

7@7 chft }EC&] Pen[t} . Z

Z@ES(t,zo) Ozop

Uwo«p(v)
weS(t,z0)

i/ right [g;right] - Penlt]
+ S t o D DR AAHC)
pES(t,xy) “Tqp PES(t,zq)
ZweS(t,zo) UIO@(U) + Z¢€S(t>xq) quw(ﬂ)

2peS(tw0) Tr09 T 2ipes(t,0,) Trar

+ Pen[z™9] . Penlt] -

By joining values 04,,(v) and 04, (v) we obtain

Z PY(s’t’ v)

sEV=2(Pmax)

Wt [z1eft]. pen]¢] Pen[z™9] Pen]t] )
= . E o v 11
(Zwes(t,xo)awow + Zwes(tw())UEOSEJFZwES(t’Iq)U”‘?“" IOLP( ) ( )
p€eS(t,xo)
Wy right [xright] ~Pen[t] Pen [:pmid] ~Pen[t]
+ ( t + t . E o v 12
Zwes(t,mq) Ozqe Zapes(tvmo) UIO‘P+ZwES(tvmq> Teqe qu( ) ( )
¢€S(t,$q)

= X1 D> () +Xa Y aue(v).

p€S(t,zo) p€ES(t,zq)

Note that we define X; and X5 to be the terms in the parentheses before the
two sums.

We need to increase the betweenness centrality of all vertices on shortest paths
from s to t via x¢ by the value of Term , and those shortest paths via z, by
the value of Term . By increasing Inc[s, t] by some value A ensures
the increment of the betweenness centrality of v by A - o4 (v) for all vertices v
that are on a shortest path between s and t. Hence, increasing Inc[zg, ¢] for
every o € S(t,xg) by X1 is equivalent to increasing the betweenness centrality of v
by the value of Term (11]). Analogously, increasing Inc[z,, ¢] for every ¢ € S(t, z4)
by X5 is equivalent to increasing the betweenness centrality of v by the value of
Term .

We now have incremented Inc[y), ] for ¢ € {x¢, 24} and ¢ € {yo,yr} by
certain values, and we have shown that this increment is correct if the shortest 1 p-
paths do not visit inner vertices of P*** or P3"®*. We still need to show that
(1) increasing Inc[t), @] does not affect the betweenness centrality of ¢ or ¢, and
that (2) we increase Inc[), ¢] only if no shortest ¥e-path visits inner vertices
of Py or PInax.

For (1), recall that for each s,t € V=3(G) the betweenness centrality of v €
V(G) is increased by Incls, t]-04(v). But since oy, (¥) = oy (¢) = 0, increments
of Inc[¢), ¢] do not affect the betweenness centrality of ¢ or .
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For (2), suppose that there is a shortest 1@-path that visits inner vertices
of Pa*. Let ¢ # ¢ be the second endpoint of P3*®*. Then dg(¢, ) =
da(, @) + da(@, ), and for all inner vertices y; of P3"®*, that is, for all y;
with 1 <4 < r, it holds that

da(¥, o) +da(e,yi) = da(¥, @) +da(p,¢)+da(p,yi) > da(V, @) +da(P,ys)-

Hence, there are no shortest y;1-paths that visit ¢, and consequently Inc[v), ¢]
will not be incremented. The same argument holds if there is a shortest 1 p-path
that visits inner vertices of P,

Finally, we analyze the running time. The values Wet[.] W*eht[.] and Penl[]
as well as the distances and number of shortest paths between all pairs of
vertices of degree at least three are assumed to be known. With this, S(t, zo)
and S(¢,z,) can be computed in constant time. Hence, the values X; and X5
can be computed in constant time for a fixed ¢ € V=2(P3*). Thus, the running
time to compute the increments of Incl-, -] is upper-bounded by O(|V (Py*¥)|).

O

3.1.2 Vertices inside the maximal induced paths

We now consider how shortest paths between pairs of two maximal induced
paths P"®* £ Pi"#* affect the betweenness centrality of their vertices.

When iterating through all pairs P{"®* # P3"** € P™2* one will encounter the
pair (P@*, Pi@X) and its reverse (P3"®*, P®*). Since our graph is undirected,
instead of looking at the betweenness centrality of the vertices in both maximal
induced paths, it suffices to consider only the vertices inside the second maximal
induced path of the pair. This is shown in the following lemma.

Lemma 7 Computing for every P # Pi®* e P qand for each ver-
tex v € V(P*) U V (Pyrex)

Z ~(s,t,v) (13)

SEV=2(Ppax), teV=2(P3rax)

is equivalent to computing for every P £ PhX ¢ P™aX gnd for each v €
V(Py")

Z 7(87 t, ’U)7 Zf’l) S V(leax) e V(PQmax);
X = SEV=2(Ppmax) teV =2 (Pgrax)
) 2 Z v(s,t,v), otherwise.

SEV=2(Pmax) teV =2(Ppax)
(14)

Proof: We will first assume that V(Pj**) N V(Pax) = () for every Pa* #£
pyrax ¢ pmaxgand will discuss the special case V (Pi"#*) NV (P3**) £ () after-
wards.

For every fixed {P/, Piraxl ¢ (Pr;ax) and for every v € V(P{"*), the
betweenness centrality of v is increased by



504 Bentert et al. An Adaptive Version of Brandes’ Algorithm

Z (s, t,v) + Z (s, t,v),

S€V=2 (Plrnax)7t€v=2 (P2n]ax) S€V=2 (Pzrnax)’tev=2 (Plrnax)

and by this is equal to

2: > v(s,t,0) (15)
SEV=2(PPax) teV =2 (Pax)

Analogously, for every w € V(Pj®*), the betweenness centrality of v is increased
by

2. Z (s, t,w).

SEV=2(Pax) teV=2(Ppax)

Thus, computing Sum for v € V(P3#x) for every pair Pn* #£ pPjrax ¢ pmax
is equivalent to computing Sum for v € V(Pra*) U V(P3x) for every
pair P"&* £ PinaX ¢ Pmax since when iterating over pairs of maximal induced
paths we will encounter both the pairs (Py"®*, P3"®*) and (Pg"ax, Pnax),

Consider now the special case that there exists a vertex v € V(P™*) N
V(P3®>). Note that this vertex can only be endpoints of P*** and Py®*, and
it is covered once when performing the computations for (P> Pie*) and
once when performing the computations for (P3"®*, P***). Hence, we are doing
computations twice. We compensate for this by increasing the betweenness
centrality of v only by

v(s,t,v)
SEV=2(Ppax) te V=2 (Ppax)

for all Pjrax £ prax for vertices v € V(Pa*) NV (Pyrex), 0

With this at hand we can show how to compute X, for each v € V(P3"*¥),
for a pair P"®* £ PnaX ¢ Pmax of maximal induced paths. To this end, we
show the following lemma.

Lemma 8 Let P{a* £ pPrax ¢ Pmax_ Then, given that the values dg(s,t), ost,
Wt [y] and WHight [v] are known for s € VZ3(G) andt € V(G), andv € V=2(G),
respectively, one can compute for all v € V(P5**) in O(|V (P5**)|) time:

A(s.t,0). (16)
sEV=2(pmax) teV=2(pPpax)
Since the proof of is rather tedious and technical, we defer it to

The proof consists of two steps. First, we show how to compute
the value Zsevzz(leax) v(s,t,v) for a fixed t € V=2(Py**) and v € V(Pyrax)
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in constant time; here we use that the values listed in the lemma are known.
Second, we use a dynamic program to compute for all v € V(P3"®*) the value of
Sum in O(JV (Pg**)|) time, using the fact that the difference between the
sums of two adjacent v, v’ € V(P3"®*) can be computed in constant time.

We are now ready to combine to [§ to prove
As mentioned above, to keep the proposition simple, we assume that the val-
ues Inc[s, t] - o5;(v) can be computed in constant time for every s,t € VZ3(G)
and v € V(G). In fact, these values are computed in the last step of the algorithm

(see and |18 in [Algorithm 1| and [Lemma 4)).

Proposition 2| (Restated) In O(kn) time one can compute the following val-
ues for all v € V(G):

Z (s, t,v).

SEV=2(PaX), te V=2 (PyaX)
P{nax #P;]ax erpmax

Proof: Let Pex #£ Pimax ¢ pmax Then, for each v € V(G) = (V(G) \
(V(PPax) U V(P3ax))) U (V(Pax) U V(P3*X)), we need to compute

Z (s, t,v). (17)

SEV=2(Pax) teV=2( Ppax)

We first compute in O(kn) time the values dg(s,t) and o for every s,t €
VZ3(G), as well as the values W' [y] and W*ight[y] for every v € V=2(G), see

to [10] in Combining and [6] we can compute
Sum in O(|V (P"ax)]) time for v € V(GQ) \ (V(P**)UV (P3**)), plus O(kn)
time for a final postprocessing step. Given the values p; of we can
compute the values X,, defined in[Equation (14)|for v = y; € V(P4"*¥) as follows:

« oy _fme vevEravep)
Y vi 2p;, otherwise.

This can be done in constant time for a single v € V(P3"®¥); thus it can be done

in O(|V (P"*x)|) time overall. Hence, by we can compute Sum
for V(PPa*) U V(P53 in O(|V (P3*¥)|) time.

Sum must be computed for every pair P"®* # Pjrax ¢ Pmax_ Thus,
without the pre- and postprocessing steps, we require

o Y verm))

leax #PQH‘&X g Ppmax

—o( X (e vEepe)

Pppaxgpmax pmax gpmax
pinax o prax

:o( 3y n):O(k‘n) (18)

leax g Ppmax
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time, since there are at most O(k) maximal induced paths and at most n vertices
in all maximal induced paths combined. O

3.2 Paths with endpoints in the same maximal induced
path

We now look at shortest paths starting and ending in a maximal induced
path P™* = x4...2, and show how to efficiently compute how these paths
affect the betweenness centrality of all vertices in the graph. The goal is to prove
the following.

Proposition 3 In O(kn) time one can compute the following for all v € V(G):

Z (s, t,v).

s,teV =2 (pmax)
pmax o pmax

We start off by noting the following.

Observation 3 Let v € V(G) and let P™™ = x...24 be a mazimal induced
path. Then

Q
|

—_
Q
|

—_

Z (s, t,0) = Z y(xi, xj,v) =2- (@i, xj,v).

s,teV=2(pmax) i,5€[1,q—1] @ 1

1 j=4

+

For the sake of readability we set [x,,2,| = {2p, Tpt1,...,20}, D < T
We will distinguish between two different cases that we then treat separately:
Either v € [z;,z;] or v € V(G) \ [z;,x;]. We will show that both cases can
be solved in overall O(|V (P™2*)|) time for P™®*. Doing this for all maximal
induced paths results in a time of O( pmaxepmax |V=2(P™*)[) = O(n). In the
calculations we will distinguish between the two main cases—all shortest x;x;-
paths are fully contained in P™#*, or all shortest x;x;-paths leave P™**—and
the corner case that there are some shortest paths inside P™?* and some that
partially leave it.

We will now compute the value for all paths that only consist of vertices
in P™2% that is, we will compute for each x; with i < k < j the term

—

-1 g

2- Z Z V(@i zj, xk)

i=1 j=i+1

with a dynamic program in O(|V(P™)|) time. Since i < k < j, by
this can be simplified to

2. Z Z V(s zj,2) =2 Z Z V(i x4, k).

i€[l,q—1] jeli+1,q—1] i€[1,k—1] jE€[k+1,q—1]
i<k k<j
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Figure 6: A maximal induced path that affects the betweenness centralities of
vertces outside of P™#* such as v. Clearly, if there is a shortest st-path visiting v
(thick edge), then there exists a shortest zox,-path visiting v (dashed edge). On
an intuitive level, we store the information of the vertices inside of P™?* in the
table entry Inclzg, z4].

Lemma 9 Let P = xq...x4 be a mazimal induced path and assume that the
values dg(s,t), o5, W [v] and WM [v] were precomputed for s,t € VZ3(Q)
and v € V=2(Q), respectively. Then, in O(|V (P™)|) time, one can compute
the following for all xj with 0 < k < gq:

Qg =2 Z Z Y(@is ), ).

i€[1,k—1] j€[k+1,q—1]

The main idea of the dynamic program is the following. Given the value of oy, ,
one can compute its difference to oy, ,, in constant time, once Wit pyright are

precomputed (see to [10] in [Algorithm 1]). These tables can be computed
in O(JV (P™¥)]) time as well. The proof of [Lemma 9|is deferred to[Appendix C.1

Now we need to show how to compute the value for all paths that (partially)
leave P™a*, See for an example of such a path.

Lemma 10 Let P"™ = xq...x4 be a mazimal induced path. Then, excluding

the running time of the postprocessing (see and in|Algorithm 1)), one

can compute in O(|V(P™*)|) time the following for all v € V(G) \ [z;, ;]:

Boi= Y > @, 0)8,.

i€[l,q—1] j€[i+1,q—1]

The proof of is split into two cases: Either v € V(G) \ V(P™),
or v € V(P™&)\ [x;,x,] (the case that v € [z, x,] is covered by [Lemma 9). The

first case makes use of the postprocessing step (see[Lines 17|to|18]in|Algorithm 1
which was used in an analogous way in the proof of while the second
case uses a dynamic programming approach similar to the one used in the proof

of The proof details can be found in

3.3 Postprocessing and algorithm summary
We are now ready to combine all parts and prove our main theorem.

Theorem 1 BETWEENNESS CENTRALITY can be solved in O(kn) time and
space, where k is the feedback edge number of the input graph.
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Proof: As shown in if the input graph G is a cycle, then we are

done.
We show that computes the value

ost(V)
Cp()= 3 Penls| Penft] === 3 q(s,t,)
5,tEV(Q) 5,t€EV(Q)

for all v € V(G) in O(kn) time and space. We use to split the

sum as follows.

Z (s, t,v) = Z (s, t,v) + Z ~(t, s, v)

s,teV(G) sEVZ3(G),teV(Q) SEV=2(Q), teV23(G)
+ > ys,to)+ Y (s, 8, 0).
SEV T2 (PP), teV =2 (PJ*X) s,tEV=2(Pmax)
prmat s pmax g pmix pmax cpmax

By [Propositions 2] and [3] we can compute the third and fourth summand
in O(kn) time provided that Inc[s,t] - 05 (v) is computed for every s,t € V=3(G)
and every v € V(G) in a postprocessing step ( seeto. We incorporate
this postprocessing into the computation of the first two summands in the
equation, that is, we next show that for all v € V(G) the following value can be
computed in O(kn) time:

Z ’Y(S,t,'l)) + Z ’Y(S,t, ’U) + Z IHC[S,t] : USt(U)'

sEVZ3(@) seEVT3(Q) seVZ3(@)
teV(G) tev=3(G) teVZ3(@)

To this end, observe that the above is equal to

Z Pen]s] Pen[t]”‘::is(:}) + Z Pens] Pen[t]”;"—:’) + Zlnc[s, tlost(v)

seVZ3(@) seVZ3(Q) s€VZ3(Q)
tev(Q) tevV=2(Q) tevz23(Q@)
= Z ((2 ZPen ] Pen|t] ”3’(“) Za Pen - E’en[t] + Inc[s, t]))
SEV23(G) teV=2(G) tev =3

Note that we initialize Inc[s,t] in and [6] in with 2 -
Pen|[s] Pen[t]/os; and Pen[s] Pen[t] /o4 respectively. Thus we can use the algo-
rithm described in for each vertex s € V=3(G) with f(s,t) = Inc[s, t].

Since Pen([s], Penlt], os; and Inc[s, t] can all be looked up in constant time,
the algorithm only takes O(n + m) time for each vertex s (see and [18).
By there are O(min{k,n}) vertices of degree at least three. Thus,
altogether, the algorithm needs O(min{n, k}-m) = O(min{n, k}-(n+k)) = O(kn)
time. The precomputations in to |§| require O(kn) space. As the running

time is an upper bound on the space complexity, [Algorithm 1| requires ©(kn)
space overall. O
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4 Conclusion

Lifting the processing of degree-one vertices due to Baglioni et al. [3] to a
technically much more involved processing of degree-two vertices, we derived a
new algorithm for BETWEENNESS CENTRALITY running in O(kn) worst-case
time (k is the feedback edge number of the input graph). Our work focuses on
algorithm theory and contributes to the field of adaptive algorithm design [10]
as well as to the recent “FPT in P” field [I3]. It would be of high interest
to identify structural parameterizations “beyond” the feedback edge number
that might help to get more results in the spirit of our work. In particular,
extending our algorithmic approach and mathematical analysis with respect
to the treatment of twin vertices [27, 29] might help to get a running time
bound involving the modular width or vertex cover number of the input graph.
Indeed, Coudert et al. [6] provided first results in this direction; their algorithms
however are not adaptive. We believe that improving the dependency on the
parameter in the running time is a challenge for future work. As for practical
relevance, we firmly believe that a running time of O(kn) as we proved can yield
improved performance for some real-world networks. What remains unclear,
however, is whether the constants hidden in the O-notation or the non-linear
space requirements of our approach can be avoided.

Acknowledgement. We thank the reviewers for their detailed and thorough
evaluation of our work which helped to significantly improve the presentation.
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A Notation for proofs in appendix
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For the following proofs we will introduce a lot of auxiliary notation. We provide

[Table 1l as a reference to the definitions of the notations.

Table 1: A reference to the notation used in the Appendix.
We assume P = P = g ...z, and P3*** =yo...y,.

Symbol Definition

st (V) = Penls] - Pen[t] - 05 (v)/0ost;

V=2@G) the set of vertices of degree two in G;

VZ3(G) the set of vertices of degree at least three in Gj

Inc[-, ] a table of size |[V=3(G)| x |V(G)| in which intermediary
betweenness centrality values are stored;

prax the set of all maximal induced paths;

pleft the rightmost vertex in P"®* such that all shortest paths
from t € V(G — P®) to xl*®* visit xg;

mfght the leftmost vertex in P"®* such that all shortest paths
from t € V(G — P) to 2} & visit x,;

pinid the vertex in P{"®* such that there are shortest paths
from t € V(G — P®) to 2! via 29 and z, respectively;

theft {371, Loy ... ,Jﬁieft 3

X)eht = {af= L ag o, mea )

Whett[y,] = Zf:o Pen[z;], where z; € P,

Wright[y,] = "7 Pen[x;], where x; € P

S(t, ) for v € {wg,x,} = VZ3(|P*|), the maximal subset
of {yo,yr} = V=3(|Pyax|) such that for each ¢ € S(t,%)
there is a shortest st-path via ¢ and ¢;

X, see [Bquation (14);

)‘(yk7yi> = Zsev:2(leaX) RAGE ykvyi)a
for 0<i<r,1<k<r, and s € V=2(Ppax);

Yk, ©, V) is 1 if there is a shortest path from yi to ¥ € {zg,z,}
to ¢ € {yo,yr}, 0 otherwise;

w; for 0 < k,i <r,y,if k <i, yo if k > 4;

K(Yr, wi) see [Equation (25)%
i—1 T—1

Pi = Zﬁ(yk,yr) + Z H(yk7y0)7 for 0 <i < T3
k=1 k=i+1

[xi,xj] = {1‘1‘7371‘_:,_1,...,3;‘]‘} for0<i<j<gq

it = i+ (dg(zo,7q) + q)/2, where 0 < i < g;

Jmid = j— (da(wo,24) +q)/2; where 0 < j < g;

Ak = 2 )il h—1] 2jehriq—1) V(@i x5, Tp), where 0 < k < g

Bo i€l,q—1] Zje[i+1,q_1] y(w4, Zj, v),

where v € V(G) \ [z;, z;].
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B Proof of Lemma 8

Lemma [8] (Restated) Let P®* 3 Pyax ¢ PmaX_ Then, given that the val-
ues dg(s,t), ost, Wt v] and WM [v] are known for s € VZ3(G) and t €
V(G), and v € V=2(G), respectively, one can compute for all v € V(Pyax)
in O(|V(P™x)|) time:

~(s,t,v). (19)
SEV=2(Ppax) teV=2(ppax)

Proof: We first show how to compute ZSQVZZ(P?]aX)’y(s,t,v) for fixed t €

V=2(Piax) and v € V(Pa) in constant time when the values listed above are
known. Then we present a dynamic program that computes for all v € V/(P3*¥)
the value of Sum in O(|V (P3"*¥)|) time.

Let P{"™ = x...z, and let P3"* = yo...y,. Forv =19;,0 < ¢ < r, we
compute

> Vsty) = Y szyzﬁyz

SEV=2(PPax), teV=2(Pyax) seV=2(pmax) k=1

Z > s yey)- (20)

k=1 sV =2(Pmax)

For easier reading, we define for 0 < ¢ <r and for 1 <k <r

Ayev) = D> (s ykvi)-

sV =2(Pmax)

Recall that all shortest paths from y to s € X;if“ visit x¢ and all shortest paths
from yi to s € X;ik_ght visit z4. Recall also that for each y;, there may exist a
unique vertex ™4 to which there are shortest paths via zo and via z,.

Yk
With this at hand, we have

AWk, vi) = Y@y )+ Y VS kv + Y (S Uk i)

SeXleft SEX;ight

g nnd y .
= Pen[z m‘d} Pen|yg] - T Z Pen[s] - Pen[yy] - s (Y1)

Oypamid sEXeft Ty

Yk
Osys, (yl)

+ Pen|s] - Pen S 21
> ] - 22 (1)

sexyieht
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Next, we rewrite A in such a way that we can compute it in constant time. To
this end, we need to make the values ¢ independent of s and y;. To this end, note
that if k& < i, then y; is visited only by shortest paths from yy, to s € V=2 (Pmax)
that also visit y,.. If & > 4, then y; is only visited by paths that also visit yy. Hence,
we need to know whether there are shortest paths from y; to some endpoint
of P via either yo or y,. For this we define n(yg, ¢, 1), which, informally
speaking, tells us whether there is a shortest path from yy to ¢ € {zo, 24}
via ¢ € {yo,y,}. Formally,

1, if dpzmax (yk7 SD> + dG(QD, 1/1) =dg (yka d})7
0, otherwise.

n(ykv 2 1/]) = {
Since dg(s,t) is given for all s € VZ3(G) and all t € V(G), the values 1 can be
computed in constant time.

We now show how to compute oy, (yi)/0sy,. Let w; =y, if k < i, and w; = yo
if &k > 4. As stated above, for y; to be on a shortest path from y; to s €
V=2(Pmax) the path must visit w;. If s is in Xgllift, then the shortest paths
enter P via zo, and o4y, (¥i)/0syr, = Owoys (Yi)/ 0oy, - Note that there may
be shortest syi-paths that pass via yg and syi-paths that pass via y,.. Thus we
have

Oxoyy, (yl> _ n(ykawiawo)o’zowi
Oy U(yk’ZJoyIO)Uxoyo =+ n(ykayTaZEO)U:coyT

(22)

With 044y, (yi) we count the number of shortest zoy-paths visiting y;. Note
that any such path must visit w;. If there is such a shortest path visiting w;,
then all shortest zgyg-paths visit y;, and since there is only one shortest w;yy-
path, the number of shortest zgyi-paths visiting w; is equal to the number of
shortest zow;-paths, which is 04, -

If s € XJ&h* then

O syp (v3) _ Yk, wi, xq)aa?qwi (23)
Osyy. n(yk7y07xq)o—mqyo + n(ykayrvxq)afqyr

Shortest paths from ;. to xﬁid

thus

may visit any ¢ € {yo,y,} and ¥ € {z¢, x4}, and

Ty i) 2y foo,zq) MWk Wir ¥) Ty
Typamid th@{yoﬁh} ZT/JE{wo»zq} N> Yrs )Ty,

(24)

Observe that
(1) the values of [Equations (22)|to|(24)| can be computed in constant time,
since the values o, are known for s, € V23(G), and
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(2) the Valueg Osye (Yi) and oy, are independent of s for s € Xll/ift and
for s € X}18" respectively.

Recalling that W' [z;] = S7_ Pen[z,] and Wrieht[z;] = PO, ! Pen[z;] for 1 <
j < r we define

Zwe{wo,xq} U(yk, Wi, w)gwwi
ZWG{yo,yr} Zwe{fbo,zq} U(yk, @, ’(/})0-11150

+ Z Pen|s N(Yk, Wi, T0)Tzgw,
yka Yo, J)o)O’waO + n(yk’ Yr, xO)UﬂCoyr

A(ye,wi) = Penlys] - (Pen[x;;:jd] -

EXlt,ft
s Wiy Tq) O,
+ Z Pen(s N( Yk, Wi, Tq) Oz g0 ) (25)
o xmisht DYk, Yo, Tq)Ozyyo + MYk, Yr, Tq)Oz,y,
S

v
D pefzo,wq) MWk Wis V) Opu,
nge{y(%yr} Zwe{zo,mq} N(Yk: @, V)T

Tl(yk, Wi, ‘TO)UaCowi
MYk Y05 T0)Taoyo + N(Yk: Yr T0) Oy,

+ erght[ rlght} W(ym Wi, xq)o'a;qw,i )
Yk .
n(yk: Yo, xq)azqyo + U(yk, Yrs xq)aquT

Yk

= Pen[yy] - (Pen[mmid] .

+ Wleft [l,left] .

Yk

Note that since the values of Pen[-], W[.] and of W*iht[.] are known, x(ys,w;)
can be computed in constant time.
If k£ <4, then

. Oy zmid (yz)
A(ws i) = Penlye] - (Pen[xzijd] e

Oy $mid

+ Y Penls Oy (Yi) Y Penls Usyk(yi)).

Osy O sy,
left Yk right SYk
SGX. b eka

[Equations (22)|to |[(24)| then give us

ZlﬁG{mg,mq} n(wa Yrs w)Uwy,,,
ZWE{yoyyr} ZwG{Io,zq} n(yka ®, w)a'z/up

+ Z Pen|s] - MYk, Yr, 0)Ozoy,
Yk, Y0, 20) 0z yo + 1Yk, Yrs 20)0z,y,

Ayn:y:) = Penly] - (Penfal]

sEXjeft
S Yr, Tq)Oa,y,
+ Z Pen(s] - MWk, Yr: Ta) Oy ): K(Yks Yr)-
sextisht 1Yk, Yo, xq)Uwqyo + 1Yk Yr xq)awqyr
vk

If & > 4, then analogously Ay, i) = k(yk, yo). Lastly, if k = ¢, then o4y, (y;) = 0;
thus v(s, yx, ¥i) = MYk, v;) = 0. Hence, we can rewrite Sum as
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r—1 r—1 i—1 r—1
s, wi) = D Moo wi) = (3o Awesv) + D M)
k=1 sV =2(Pmax) k=1 k=1 k=i+1
k#1
i—1 r—1
= (Zﬁ(yzwyr)Jr > ﬁ(yk,yo)) = pi-
k=1 k=i+1

Towards showing that Sum can be computed in O(r) time, note that py =
S vzt (Y, yo) can be computed in O(|V (Py*#¥)[) time. Observe that p;; =
pi — £(Yi+1,Yr) + (Y, 90). Thus, every p;, 1 < i < r, can be computed in
constant time. Hence, computing all p;, 0 <4 < 7, and thus computing sum
for all v € V(P3"*) takes O(|V (P5*¥)|) time. O

C Proofs of Lemmata 9 and 10

For the proofs of and [I0] we first make two auxiliary observations
and introduce some additional notation.

Observation 4 Let P"** = xq...x4 be a mazimal induced path and let 0 <
1<j<gq. Then

(Z) dG(xiaxj) = min{dpmax(xiaxj)vi + dG(SL'O?xq) +q - ])}; and
(ii) if dpmax(z;, ;) =i + de(x0,2q) +q — j, then j =i+ W,

Proof: The correctness of (i) is clear. For (ii), note that the claimed equation
is equivalent to j — i = dpmex(x;,2;) =1+ da(zo, q) + ¢ — J. O

Observation 5 Let P™** = xq ...z, be a maximal induced path, let 0 < i <
j<gq, and letv e V(G). Then

0 if dout < din A0 € [23,25] or din < dour N ¢ [, 75];
L, if din, < dowt ANV € [T, x4];
17 Z‘fdout < dm Av ¢ [;L'i,(pj] Av E V(Pmax);

M — oé_Lq(v)7 Zf dout < dzn AV ¢ V(Pmax);

z0eq
Ox;x; .
T ﬁq"rl’ if dipy = dout NV € [xhxj];
U%Ozil’ if din = dowt ANV & 25, 2] Nv € V(P™);
z0®q

M Zf din = dout Awv ¢ V(Pmax)a

Tzgag +17

where di, = dpmax(z;, ;) and doy = 1+ da(xo, q) + ¢ — 7.
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Proof: Most cases are self-explanatory. The denominator o.,., + 1 is correct
since there are 0, shortest paths from z¢ to z, (and therefore Ozyz, Shortest
paths from z; to z; that leave P™®) and one shortest path from z; to z;
within P™?*, Note that if there are shortest paths that are not contained
in P™** then dg(zo,x4) < ¢ and therefore P™?* is not a shortest xox,-path.

O

Definition 2 Let P™** = zg... 2, be a maximal induced path andlet 0 < ¢ < q.
Then we define

itia =i+ (da(zo,2g) +q)/2 and  jiiq =J — (da(wo,74) +q)/2.

C.1 Proof of Lemma 9

Lemma |§| (Restated) Let P™® = zy...x4 be a mazimal induced path and
assume that the values dg(s,t), osi, W [v] and W*ebt[v] were precomputed
for s,t € VZ3(G) and v € V=2(Q), respectively. Then, in O(|V (P™*)|) time,
one can compute the following for all x with 0 <k < gq:

Oy =2+ Z Z V(i x4, k).
i€[l,k—1] j€[k+1,q—1]

Proof: We construct a dynamic program, then we show that it is solvable
in O(|V(P™)]) time.
Note that 1 < ¢ < k. Thus for £ = 0 we have

aIO:2Z Z Y(zi, 25, 20) = 0.

i€l je[l,q—1]

This will be the base case of the dynamic program.
For every vertex xj with 1 < k < ¢ it holds that

Oy, = 2 Z V(@i, x5, Tx)

i€[1,k—1]
JjE€lk+1,g—1]
=2 Z ’Y(:EHI']"I/C)_FQ Z V(zk}—lvzjaxk)-
ie[l,k—2] j€lk+1,q-1]
j€lk+1,q—1]

Similarly, for x)_1 with 1 < k < ¢ it holds that

Oy =2 Z Y(@i, x5, Tk—1)
i€1,k—2]
jelk.q—1]

=2 > A@wozpme)+20 > (@ o wEo).

i€[1,k—2] ie[l,k—2]
JElk+1,9—1]
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Next, observe that any path from z; to x; with ¢ < k—2 and j > k+1 visiting xy,
also visits x_1 and vice versa. Substituting this into the equations above yields

Qgy = Qg +2- Z 7<xk—17xj7$k7) -2 Z ’Y(l‘i71‘k7$k—1)~
JjElk+1,q-1] i€[1,k—2]
Now we prove that Zje[k+17q_1] v(zk—1,x;, xx) and Zie[l,k—2] Y(xi, e, Tp—1)

can be computed in constant time once W't and W*ieht are precomputed (see

Lines 7| to [10|in [Algorithm 1f). These tables can be computed in O(|V (P™¥)|)

time as well. For the sake of convenience we say that y(x;,x;,2x) = 0if i or j
are not integral or are not in [1,q — 1] and define W{z;, z;] = >;_, Pen[z,] =
Wett[z,] — W'z, _;]. Then we can use [Observations 4] and [5| to show that

Ozp_1z; (xk)

Z Y(Th—1, 25, Tk) = Z Pen[z_1] - Pen|z;] -

Ozp_1z;
j€lk+1,9-1] Jj€lk+1,g-1] b
= ’Y(ﬂfk—lyﬂﬁ(k_l);d, Tr) + Z Pen[zj_1] - Pen[z;]
j€lk+1,min{[(k—1)}, 1-1,g—1}]
Pen[zy_1] - Wlzpi1, 24-1], if (k—1)1,>a
={ Pen[zy_1] - W[xkﬂ,x((kfl);id]fl], if (k=1 <qgA(k-1)},¢7Z;
Pen[xy_1] - (Pen[w(k—l)Ld] : ﬁq“ + W[xk+17$(k?—1)$id—1])’ otherwise.

Herein we use the notation introduced in [Definition 2| By (k —1)t., ¢ Z we

mean to say that (k — 1)$i q is not integral. Analogously,

Z V(@i @y 1) = Z Pen[xi]~Pen[xk].M

i€[1,k—2] i€[1,k—2] Oxiay,
= 7($k—17$k;id,$k—1) + Z Pen|z;] - Pen[zy]
i€[max{1,[(k—1)_;4]+1},k—2]
Pen[zy] - Wz1, x5—2), ifk 4 <1
= { Penlzy] - W[xtk;,idHl’xk*Q]’ if kg2 1Nk iy & Zs
Pen[xzy] - (Pen[xk__d] . ﬁ + W[mk—_dﬂ,xk,g]), otherwise.

This completes the proof since (k — 1)$id, k_.q, every entry in W[-|, and all other
variables in the equation above can be computed in constant time once Weft[.]
is computed. Thus, computing c, for each vertex z; in P™** takes constant
time. Hence, the computations for the whole maximal induced path P™?*

take O(|V (P™)|) time. O

C.2 Proof of Lemma 10

Lemma [10] (Restated) Let P™* = zq...xz, be a mazimal induced path.
Then, excluding the running time of the postprocessing (see and
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in [Algorithm 1)), one can compute in O(|V(P™**)|) time the following for
alv e V(G)\ [z, xj]:

Bui= Y > A(@iz,0)Be.

i€[l,q—1] j€li+1,q—1]

Proof: We first show how to compute 5, for all v ¢ V(P™?*) and then how to
compute S, for all v € V/(P™)\ [z;,z;] in the given time.
As stated above, the distance from z; to z,+ (if existing) is the boundary
mid
such that all shortest paths to vertices x; with j > i;flid leave P™2* and the
unique shortest path to any x; with i < j < z;id is ;741 ... x;. Thus we can use

and [5] to show that for each v ¢ P™** and each fixed i € [1,¢q— 1]
it holds that

> Alwnajv)= > Penfw] - Penfx;] - T2, (V)

Opoas
j€li+1,4-1] j€li+1,q-1] s
0, ( ifit >q—-1;
Ozgx U) ip o P .
ZjE[:L’FJr 1,qfl] Pen[mi] : Pen[acj} ’ o—(loiq ’ if tmid <qg—-1A tmid ¢ Z;
— “mid
- I. A Umomq(v) . . a':cgmq(v)
Pen|z;] Pen[xi:ﬁd] P Zje[mi;i“vq*l] Pen([z;] o)
otherwise;
0, o ifit >q—-1;
s o Oaxnzy (U e .
= { Penlw;] - W[z ;s 1] vt ifit <q—-1Anil, ¢7Z;
Ozgaq (V) : Ozgaq (V) .
Penlz;] - (Pen[xijﬂd] - #Z“ + Wrisht [xiLdH] - %), otherwise.

Herein we use the notation introduced in [Definition 2} By it., ¢ Z we mean to

say that i, is not integral. All variables except for 0,z (v) can be computed
in constant time once W*ight and Ozyz, are computed. Thus we can compute
overall in O(|V(P™¥)|) time the value

_ 2. Zieu,q_l] Zje[i+1,q_1] ’Y(Iz‘a Zj, U)
Ozozg (U)

=2 Z Z Pen[z;] Pen[z;loy, o,

i€[l,q—1] j€[i+1,q—1]

Due to the postprocessing (see and [18|in [Algorithm 1) it is sufficient to

add X to Inc[zo,x,]. This ensures that X - 04,4, (v) is added to the betweenness
centrality of each vertex v ¢ V(P™). Note that if X > 0, then dg(xo,z4) < ¢
and thus the betweenness centrality of any vertex v € V(P™2*) is not affected
by Inc[zg, z4].

Next, we will compute 3, for all vertices v € V(P™*) (recall that v ¢ [z;, z,]).
We start with the simple observation that all paths that leave P™#* at some

X

(27)
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point have to contain zy. Thus f§,, is equal to X by [Equation (27)] We will

use this as the base case for a dynamic program that iterates through P™?* and
computes (3, for each vertex zy, k € [0, ¢, in constant time.

Similarly to the proof of we observe that

ﬁzk=2< > S yl@nan ) + Y > W(M,%‘,xk))

i€lk+1,g—1] j€[i+1,q—1] i€[1,k—1] j€[i+1,k—1]
ic[k+2,q—1] jE[i+1,q—1] i€[l,k—1] je[i+1,k—1]
+ Z ’Y($k+1a$j,$k))
j€lk+2,9—1]
and
Brypr = 2( > > Amiziae)+ Y, Y 'Y(xiaxjvkarl))
i€[k+2,q—1] j€[i+1,q—1] i€[1,k] jeli+1,k]

:2( 3 > @i, wega)

i€lk+2,q—1] j€[i+1,q—1]

+ Z Z V(Ti, Tj, Tha1) + Z ’Y(xz',xk,wkﬂ))-

i€[l,k—1] jefi+1,k—1] i€[1,k—1]

Furthermore, observe that every st-path with s,t # x, xx11 that contains zy
also contains x11, and vice versa. Thus we can conclude that

5mk+1=5zk+2( PRGN E 'Y(karlvxjvmk))'

i€[1,k—1] j€lk+2,9—1]

() (%)

It remains to show that the sums (x) and (x*) can be computed in constant

time once W't and Wieht are computed. Using |Observations 4] and [5| we get

that

0, if k< 1
Pen[zy] - Wleft[xtk;idj], ifk_ > 1Nk 4 ¢ 7Z;

. left - . _T=02q
Penfey] - (W'tlz,— ]+ Penlkiy,]

Uzozq+1 ’

> @i ok weg) =

i€l,k—1]

otherwise;
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and
Z Y(Thg1, 75, Tg)
JE[k+2,q—1]

N if k1 <1
Pen[wir1] - W @y 1],

_ if (k1 S¢— 1A KR+ Dy £ 25
Pen[zj41] - (Wright [x(k+1)$id+1] + Pen[(k + 1);4] - 0::3:11 ’

otherwise.

Since all variables in these two equalities can be evaluated in constant time, this
concludes the proof. O
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