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Abstract

We focus on the algorithm underlying the main result of [6]. This is
an algebraic formula to generate all connected graphs in a recursive and
efficient manner. The key feature is that each graph carries a scalar factor
given by the inverse of the order of its group of automorphisms. In the
present paper, we revise that algorithm on the level of graphs. Moreover,
we extend the result subsequently to further classes of connected graphs,
namely, 2-edge connected, simple and loopless graphs. Our method con-
sists of basic graph transformations only.
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1 Introduction

The present paper is part of a program laid out in [5, 6] with the focus on
the combinatorics of different kinds of connected graphs and problems of graph
generation. In particular, the main result of [5] is a recursion formula to generate
all trees. This result is generalized to all connected graphs (with loops and
multiple edges allowed) in [6]. The underlying structure is a Hopf algebraic
representation of graphs. In both cases, in a recursion step, the formulas yield
linear combinations of graphs with rational coefficients. The essential property
is that the coefficients of graphs are given by the inverses of the orders of their
groups of automorphisms. Other problems in this context are considered in
[3, [7], for instance.

In this paper, we express the algebraic recursion formula to generate all
connected graphs given in [0], in terms of graphs. Moreover, we extend this
result successively to 2-edge connected, simple connected and loopless connected
graphs. Crucially, as in [5] [6], the exact coefficients of graphs are obtained.

Our method is based on three elementary graph transformations to produce
a graph with, say, m edges from a graph with m—1 edges. Namely, (a) assigning
a loop to a vertex; (b) connecting a pair of vertices with an edge; (c) splitting a
vertex in two, distributing the ends of edges assigned to the split vertex, between
the two new ones in a given way, and connecting the two new vertices with an
edge. In particular, the last operation is (equivalently) defined for simple graphs
in [2].

Furthermore, we consider a definition of graph which is more general than
the one given in most textbooks on graph theory. In particular, we allow edges
not to be connected to vertices at both ends. Clearly, all results hold when the
number of these external edges vanishes and the standard definition of graph
is recovered. However, as in [0 [6], external edges are fundamental for the (in-
duction) proofs. This is due to the fact that vertices carrying (labeled) external
edges are distinguishable and thus held fixed under any symmetry.

This paper is organized as follows: Section [2] reviews the basic concepts of
graph theory underlying much of the paper. Section [3| contains the definitions
of the basic linear maps to be used in the following sections. Section [4] trans-
lates the recursion formula to generate all connected graphs given in [6], to the
language of graph theory. Section [5] extends this result to 2-edge connected,
simple connected and loopless connected graphs.

2 Graphs

We briefly review the basic concepts of graph theory that are relevant for the
following sections. For more information on these we refer the reader to standard
textbooks such as [I].

Let A and B denote sets. By [4, B], we denote the set of all unordered pairs
of elements of A and B, {{a,b}|a € A,b € B}. In particular, by [4]? := [A, A],
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Figure 1: (a) A loop; (b) A graph with both internal and external edges; (c) A
graph with labeled external edges. Internal edges are represented by continuous
lines, while the external ones are represented by dashed lines.

we denote the set of all 2-element subsets of A. Also, by 24, we denote the
power set of A, i.e., the set of all subsets of A. By card(A4), we denote the
cardinality of the set A. Finally, we recall that the symmetric difference of the
sets A and B is given by AAB := (AU B)\(AN B).

Let V = {v;}ieny and K = {ey taen be infinite sets so that VN K = 0. Let
V CV;V # 0 and K C K be finite sets. Let E = E,,, U E,,, C [K]?> and
E..NE.. =0. Also, let the elements of F satisfy {e,, eq } N{ep, e} = 0. That
is, eq,eqr # ep, ey and e, % ey, €, # ep. In this context, a graph is a triple

G = (V, K, E) together with the following maps:
(a) Py :=n0C(: By — [VIPUV;{eq,ea } — {vi, vy}, where

. ? : Emt}ﬂ [K,V]U [K)? (({ea,ear}) = {ea,vir} or (({ea,ear}) =

o n: [K,VIUIK]? — [VI?UV; n({eq, vir}) = n({ea, ear }) = {vi, vir };
(b) Qe : Eee — [V, K]; {€a, ar} — {vi,ear}.

The elements of V and E are called vertices and edges, respectively. In partic-
ular, the elements of F,,, and E,,, are called internal edges and ezternal edges,
respectively. Both internal and external edges are unordered pairs of elements
of K. The elements of these pairs are called ends of edges. In other words,
internal edges are edges that are connected to vertices at both ends, while ex-
ternal edges have one free end. Internal edges with both ends assigned to the
same vertex are also called loops. Two distinct vertices connected together by
one or more internal edges, are said to be adjacent. Two or more internal edges
connecting the same pair of distinct vertices together, are called multiple edges.
For instance, Figure|l| (a) shows a loop, while Figure [1| (b) shows a graph with
both multiple edges and external edges. A graph with no loops nor multiple
edges is called simple. The degree of a vertex is the number of ends of edges
assigned to the vertex. Clearly, a loop adds 2 to the degree of a vertex.
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Let G = (V,K,E); E = E,, UE.,, s := card(E.,), together with the
maps ¢;,, and @, denote a graph. The external edges of the graph G are said
to be labeled if their free ends are assigned labels x1,...,x, from a label set
L = {x1,...,x5}. Labels on different ends of external edges are required to be
distinct. More precisely, a labeling of the external edges of the graph G, is an
injective map ! : E.,, — [K, L];{eq, ea'} — {€q,x.}, where z € {1,...,s}. For
instance, Figure[l| (c) shows a graph with two vertices and four labeled external
edges.

A graph G* = (V*,K*,E*); E* = Ef, U E*_, together with the maps ¢,
and @*  is called a subgraph of a graph G = (V, K, E); E = E,,,UE.,,, together
with the maps ¢, and .., if V* CV, K* C K, E* C E and ¢}, = ¢
SD:xt = @ext‘Eé‘xt‘

A path is a graph P = (V, K, E,,.); V = {v1,...,vn}, n:= card(V) > 1, to-
gether with the map ¢, so that ¢ (Fi..) = {{v1,v2},{va,v3}, ..., {vn_1,0n}}

*
Eint )

and the vertices v; and v, have degree 1, while the vertices vs,...,v,_1 have
degree 2. In this context, the vertices v; and v,, are called the end point ver-
tices, while the vertices vs,...,v,_1 are called the inner vertices. A cycle is

a graph C = (V/,K',E! ); V' = {v1,...,v,}, together with the map ¢!, so
that ¢!  (E!,) = {{v1,v2}, {v2,v3},. .., {vn_1,0n},{vn,v1}} and every vertex
has degree 2. A graph is said to be connected if every pair of vertices is joined
by a path. Otherwise, it is disconnected. Moreover, a tree is a connected graph
with no cycles. A 2-edge connected graph (or edge-biconnected graph) is a con-
nected graph that remains connected after erasing one and whichever internal
edge. By definition, a graph consisting of a single vertex is 2-edge connected.

Furthermore, let G = (V, K, E); E = E,,,UE,,,, together with the maps ¢,,,
and ¢,,, denote a graph. The set 2Fin g a vector space over the field Zs so that
vector addition is given by the symmetric difference. The cycle space C of the
graph G is defined as the subspace of 2% generated by all the cycles in G. The
dimension of C is called the cyclomatic number of the graph G. Moreover, the
cyclomatic number k := dim C yields in terms of the vertex number n := card(V)
and the internal edge number m := card(E,,,) as k = m —n—+ ¢, where ¢ denotes
the number of connected components of the graph G [4].

Now, let L = {x1,...,25} be a finite label set. Let G = (V,K,E); E =
E.. U E.,,, card(E.,,) = s, together with the maps ¢,,, and ¢, and G* =
(V*,K*,E*); E* = Ef, UE*,, card(E*,) = s, together with the maps ¢}

int ext? int

and ¢*  denote two graphs. Let [ : E.,, — [K,L] and I* : E*, — [K*, L] be

ext ext

labelings of the elements of F,,, and E*_, respectively. An isomorphism between

ext?
the graphs G and G* is a bijection ¥y : V' — V* and a bijection v : K — K*
which satisfy the following three conditions:

(@) @imi({easear}) = {vi, v} it o ({¥K(€a) Vi (ear)}) = {¥v (vi), v (vir) };
(0) Pexc{€arear}) = {visear } iff 2 ({VK(€a), Vi (ear)}) = {tv (vi), Yrc(€ar) };
(¢) LNi({ea,ea}) = LN ({Yx(ea) Vi (ear)})-

Clearly, an isomorphism defines an equivalence relation on graphs. In partic-
ular, a vertex (resp. edge) isomorphism between the graphs G and G* is an
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isomorphism so that ¢k (resp. 1ty ) is the identity map. In this context, a
symmetry of a graph G is an isomorphism of the graph onto itself (i.e, an au-
tomorphism). The order of the group of automorphisms of a graph G is called
the symmetry factor. This is denoted by SC. A wertex symmetry (resp. edge
symmetry) of a graph G is a vertex (resp. edge) automorphism of the graph.
The order of the group of vertex (resp. edge) automorphisms is called the vertex
symmetry factor (resp. edge symmetry factor) of the graph. This is denoted by
S& iex (TESD. Sccégc). Furthermore, the orders of the groups of vertex and edge
automorphisms of a graph G satisfy S¢ = S

G . . .
vertex " Seage (@ proof is given in [6],
for instance).

3 Elementary linear transformations

We introduce some linear maps and prove their fundamental properties.

Given an arbitrary set X, by QX, we denote the free vector space on the
set X over Q. That is, (a) every vector in QX yields a linear combination of
the elements of X with coefficients in Q; (b) the set X is linearly independent.
Furthermore, by idx : X — X;z — x, we denote the identity map. By idycx :
V — X:;x — x, we denote the identity embedding of the subset V of the set X
into X. Finally, given maps f: X — X* and g : Y — Y™, by [f, g], we denote
the map [f,g] : [X, Y] — [X*,Y"]; {z, 5} — {f(2), g(y)} with [f]2:= [f, fI.

Let V = {v;}ien and K = {e, }aen be infinite sets so that VN K = 0. Fix
integers ¢,5,k > 0 and n > 1. Let L = {xy,..., 2.} be a label set. By V"™Fs,
we denote the set of all graphs with n vertices, cyclomatic number k and s
external edges whose free ends are labeled x1,...,z,. In all that follows, let
V=A{v,...,o.} CV, K={ey,...,e;} C K and E = E,,, U E,,, be the sets of
vertices, ends of edges and edges, respectively, of all elements of V%5, Also,
let [ : E,,, — [K, L] be a labeling of their external edges. Moreover, by VK.
and Kﬁs’i}i,, we denote the subsets of V™% whose elements are connected and
disconnected graphs, respectively. Finally, by V;’_lgfg’f , Vs?,;,lzl’f and Vlfo’fl;zm we
denote the subsets of V:¥:* whose elements are 2-edge connected, simple and
loopless graphs, respectively.

We now define the following linear transformations.

(i) Assigning a loop to a vertex: Let G = (V,K,E); E = E,,, U E,,,, together
with the maps ¢,,, and .., denote a graph in V%, Foralli € {1,...,n},
define

ti: Qvn,k,s N Qvn,k—&-l,s; G— G* ;

where the graph G* = (V*, K*,E*); E* = EX, U E*

int ext?
X X . . n
maps @}, and ¢ , satisfies the following conditions:

together with the

(a) V*=V;
(b) K* =K U{ew1,e142};
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c UE?,, where EY = E,,, U{ey1,e112}, B, = Eo;

(d

(
(e
(f

lnt

o By = @i and @7 ({€141, €142}) = {vi};

o
(pext @ext?
l* :[lchK* ldL] ol : E*

ext

) E
)
)
) — [K*, L] is a labeling of the elements of

ext”

The maps t; are extended to the whole of QV™%* by linearity. Since the
map t; : QV™Fs — t;(QV™F*) is injective, the operation of erasing a loop
is given by ¢; !

Connecting a pair of distinct vertices with an internal edge: Let G =
(V,K,E); E = E,,,UE.,,, together with the maps ¢,,, and ¢,,, denote a
graph in V%5 n > 1. For all i,j € {1,...,n} with i # j, define

li,j . Qvn,k,s N Qvn,kJrl,s U Qvn,k,s; G — G* ,

where the graph G* = (V*, K*,E*); E* = EX, U E*

int ext?

together with the

maps @}, and ¢ , satisfies the following conditions:
(a) V*=V;
(b) K* = K U{ety1,€142};
c) BE*=E' UE* , where EX = E,, U{etr1,et12}, E*, = Eos

<pi*nt Eint = Pint and (p:)t({et“rl’ et+2}) = {Ui’ Uj};

‘P:xt = Spext;

I* = [idgck=,idp] ol : E*, — [K*, L] is a labeling of the elements of
Bl

The maps [; ; are extended to the whole of QV™ks by linearity. Since
the map I; ; : QV™ks lij (QV™F+9) is injective, the operation of erasing
an internal edge distinct from a loop is given by li,jfl. Furthermore, for
n > 1 and for all 4,5 € {1,...,n} with ¢ # j, define li; :==1i;o0d;; and
125 :=1lijo(id = 6;;), where id : QV™F* — QV™"* is the identity map
and

G if {Ui»vj} S SDinc(Einc)
0 otherwise

51]' : Qvn,k,s N Qvn,k,s; G — {

is a linear map.

Splitting a vertex in two and distributing the ends of edges assigned to
the split vertex, between the two new ones in all possible ways: Let G =
(V,K,E); E = E,,, U E,,,, together with the maps ¢,,, := 70 ( and ¢.,,
denote a graph in V™**. Let £; C E be the set of edges connected to
the vertex v; € V; i € {1,...,n}. Also, let L, ; and L., ; be the subsets
of L£; whose elements are internal edges and external edges, respectively.
Hence, £; = Lin; U Low; and Ly, ; N Loy s = 0. Moreover, let & C K be
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the set of ends of edges assigned to the vertex v;. Also, let &,,; and & i
be the subsets of & whose elements are ends of internal edges and ends of
external edges, respectively. Thus, & = & U i and Einei N Euyi = 0.
Let [E], ;)7 = Linei N [Ewei)? and €, ; := &, i\E], ;- Furthermore, let
Igi denote the set of all ordered partitions of the set &; into two disjoint

sets: 72 = {(EM, ePeP ueP =& and £V nEP = 0}, Clearly,
gv e, ue?

int 1, ext, i ’

b e {1,2}. Also, a partition of the set &, ; generates
a partition of the set L., ;. Hence, c® e K Finally, let V' C

ext,l [ ext,i? ]

V\{vl} be so that @i, (L, \[E], %) = [vi,V']. In this context, for all
i€{l,...,n}, define

i Qvn,k,s N Qvnjtl,kfl,s U @VnJrl,k,s; G — § G
(1) £(2)
(e e ez,

(GIREN

where the graphs G £m 5(2)) = (V*,K*, E*); E* = E, U E*_, together
with the maps ¢}, and pr . satisfy the following conditions:
(a) V* =V U{vpt1};
(b) K* = K;
(c) B*=E}, UE>,  where B} = E,., E', = E.;
(d) @i =n" o (", where
b C mt\ﬁmt i C xnt\cint,i;
C ([Ehl?) = [E0,04]%
( int Z\[ int, z] ) [gx/r/n i) /];
L n*|<(Emt\['mt 1) = n|<(Eint\£int 1)7
(€05 V) = o V] 0 (€15, V) = [onsr. V)
1 2)
7 () = {uid, m (EL01) = (v
(€L E) = o vns h where UELY = €05 be {1.2)

(e) jxt|Eext\£ext i @ext‘Eext\Lext i
er (L)) € o, K] and @5, (£2)) C [vng1, K;

ext, i ext, Q

(f) I* =1is a labeling of the elements of E* .

The maps s; are extended to the whole of QV™%* by linearity. More-
over, we define the maps s§ (resp. ¢ ) by restricting the image of s; to
Qvn+1 k—1,s (resp @VvdnJrl Ic s).

conn

Now, let [; ;¥ :=1; jo...0l;;, where p > 1 is an integer. We combine the
—_———
p times

maps l; n+1” and s; to define the following maps:

1 1,
¢\ = 2(p — 1)!li»n+1p 0s;: QUMES — QUrHLIteTLS
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1)

For p = 1, the definition of ¢;”’ generalizes the basic operation given in [2]

to all partitions of the set &; into two sets 52-(1) and 81-(2), and to all vertices

of the graph. Analogously, the maps ¢; 2 (resp. q;i (e )) are given by the
d

composition of ; ,,41” with s (resp. s¢).

In addition, we revise the operation of contracting an internal edge con-
necting two distinct vertices, and fusing the two vertices into one [I]: Let
G = (V,K,E); E = E,, UE,,,, together with the maps ¢,,, and ¢,
denote a graph in V™% n > 1. Let {es,ea'} € Eiy; a,a’ € {1,...,t}
with a # a’, denote an internal edge connecting two distinct vertices, say,
v,v; € Vii,5 €{l,...,n} with i < j. Let L j, Low,; and &, ; denote
the sets of internal edges, external edges and ends of internal edges, re-
spectively, assigned to the vertex v;. Let [Q’nt,j]z =L, N [Eimyj]Q. Also,
let V' € V\{v;} be so that @, (L j\[EL, ;1°) = [vj, V']. Finally, let & ;
denote the set of free ends of the external edges in L., ;. In this context,
define
cij: Qvn,k,s N Qvn—l,k,s; G — G* ,

where the graph G* = (V*, K*,E*); E* = EX, U E*

int ext?
* *

maps @, and ¢* , satisfies the following conditions:

together with the

v if le{l,....j—1}

v if le{j+1,...,n} 15

(a) V* = xu(V\{v,}), where x,, : v; — {
a bijection;

(b) K* = xe(K\{€q,€q'}), where

ey if be{l,...,min(a,d’)—1}
Xe:e—{ ep—1 if be{min(a,a’)+1,...,max(a,a’) — 1}
€p—2 if be {max(a,a')+1,...,t}

is a bijection;

(c) B* = B, UEL,, where Ef = [xe]* (B \{€a €ar}), Bl = [Xel* (Bext);

(d) <pi*nt © [X62]2 Eim,\ﬁginc,j = [XU]2 O Ping
e (Xl ([, 51%)) = {vi}s
Pr(IXel® (Line N (€0 51? U {Eas €ar})) = [03, x0 (V)]s

(e) ‘P:xt © [Xe]QlEcxt\Ecxt,j = [XU? Xe] © (pethEcxt\ccxt,j;
Pra (el (Loxg)) = Vi Xe(Ervee )]s

(f) I* = [xe,idp]olo[x. 1) EX, — [K*, L] is a labeling of the elements
of E* .

Eint\Lins,;

The maps ¢; ; are extended to the whole of QV™F by linearity.

Distributing external edges between all elements of a given subset of vertices
in all possible ways: Let G = (V, K, E); E = E,,, U E.,,, together with the
maps ¢,,, and ¢,,, denote a graph in V%5, Let V' = {v,,,... 0., } SV
withl <z <--- < 2z, <n. Let K’ C K be a finite set so that KNK' = (.
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Also, let B/ C [K']?; s' := card(E’_,). Assume that the elements of E’

ext — ext

satisfy {eq, eq } N {eb,eb/} =0. Let L' = {Ts41,...,Ts15} be a label set
sothat LNL =0. Let ' : E!, — [K’, L] be a labeling of the elements of
E! .. Finally, let Z%%,  denote the set of all ordered partitions of the set E!

into n’ disjoint subsets: Z7, = {(E;(j), .. /(" )|E£(1 .U E;(f,) =
E' . and E;,(ft) N Eé,(i) =0,Yi,j € {1,...,n’} with 4 # j} In this

ext

context, define

95

!
. Vn,k:,s N Vn,k,s-‘rs -G G o
v 1 Q Q ’ " E(: ., B, B0
’ (n n'!
(Bext 1Bt )ETY, -

where the graphs G(E/(l) /<n'>) (V*,K*,E*); E* = E}, UEZ,, to

gether with the maps ¢}, and pr . satisfy the following conditions:
(a) V* =V,

(b) K*=KUK/’;

(¢c) E*=E,UE* , where EX =E,., E* = FE,  UE_;

(d) (plnf @‘Df’
(€) @F B = Pexe and cpjxt(Eé,(i)) C vy, K’ for alli € {1,...,n'};
() I*: E*, — [K*, LU L], with I*|g

ext

of the elements of E¥ ..

=land I*|g =1, is a labeling

ext

The maps {p:_ v+ are extended to the whole of QV™Fks by linearity.

Assigning external edges to vertices which have none: Let G = (V, K, E);
F = E,, U E,,, together with the maps ¢,,, and ¢, denote a graph
in V%5 Assume that there exists a set V/ C V; s’ := card(V’) so that
V'Npexe (Eoxy) = 0. Moreover, let K’ C K be a finite set so that KNK' = (.
Let B!, C [K'])?; card(E’_,) = s’. Assume that the elements of E’_, satisfy
{ea,ear} N {ep,epr} = 0. Let L' = {xs41,...,251s + be a label set so that
LNL =0. Finally, let I’ : E/, — [K’, L] be a labeling of the elements of
E’ . In this context, define

ext”

’
em Qvn,k,s _ @Vn,k,s+s ;G — G* ,

where the graph G* = (V*, K*, E*); E* = E*

int

UE*

ext?

together with the

maps @, and ¢* , satisfies the following conditions:

(a) V

(b) K* =K UK';

(¢) B*=E, UE*,  where EX =FE,., E*, =FE,  UE_;

(d) @l = P

(€) ¢ IE = ¢ex and 7 (EL,) C [V7, K] so that V' N @l (EL,) =V
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(f) I* : B, — [K*,L U L], with I*| 5

of the elements of E* .

=land I*|g =1, is a labeling

ext

The maps €g; , are extended to the whole of QV™F:s by linearity.

The following lemmas are now established.

Lemma 1 Fiz integers k,s > 0 and n,p > 1. Then, for all i,5 € {1,...,n}
with © # j, the following statements hold:
(a) t:(QV%) CQVIEths;

conn

(b) 1;,;(QVEs) C QVLE+Ls,

conn

(c) 47 (QVke) C QULk+e—Ls,
Proof: (a), (b) Clearly, the statements hold. (¢) Let G = (V,K,E); E =
E,.UE,,,, together with the maps ¢,,, and ¢.,, denote a graph in Vmks, Apply

Z(p) = mlimﬂposi to the graph G. In particular, s;(G) is a linear
combination of graphs, each of which is either connected or disconnected with
two components. Applying the map [; ,11” to s;(G) yields connected graphs.

This completes the proof. O

the map g

Lemma 2 Fiz integers s > 0, k > 0 andn > 1. Let G = (V,K,E); E =
E,.,UE.,, together with the maps ¢, and p,,, denote a graph in V;ﬁ;r’f’s which is

not simple. Then, for all i,j € {1,...,n} with i # j, the following statements
hold:

(a) 1;;(G) ¢ QVsﬁrfzjl’s;
() ¢!V (@) ¢ Qurtlhe,

Proof: (a) Clearly, the statement holds. (b) By assumption, the graph G has
at least either one loop or multiple edges. Apply the map qg(l) = %li,n—&-l o s¢
to the graph G. In particular, s¢(G) is a linear combination of disconnected
graphs, each of which is produced from the graph G by assigning all ends of
internal edges belonging to the same cycles, from the vertex v; € V to either v;
or v,41. Therefore, at least one of the two components of the graphs in s¢(G)
is not simple. Applying the map l; ,4+1 to 5¢(@) cannot produce simple graphs.
This completes the proof. O

Lemma 3 Fiz integers k,s > 0 and n > 1. Then, for all i,5 € {1,...,n} with
i # 7, the following statements hold:

ks Jk+1,
(a) 1 ,(QVI") CQVILY;

(b) ¢ (QVES) C QbR
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Proof: Applying the maps l j or qf ) to a simple graph cannot introduce loops

nor multiple edges. U

Lemma 4 Fiz integers k,s >0 andn > 1. Let G=(V,K,FE); E=FE,,UE,,,
together with the maps ¢,,, and p.,, denote a graph in V™ *.5 which is not 2-edge

conn

connected. Then, for alli € {1,...,n}, the following statements hold:
(a) t:(G) ¢ QVI e
() 47(G) ¢ QUL

Proof: (a) Clearly, the statement holds. (b) First, by definition all connected

graphs with only one vertex are 2-edge connected. Consequently, the maps q( )
produce 2-edge connected graphs with two vertices only from 2-edge connected
ones. Now, let n > 1. By assumption, the graph G has at least one internal edge
which does not belong to any cycle. Therefore, it connects two (distinct) vertices

that must be connected together with only one internal edge. Let these vertices

be v;,v; € Vi 4,5 € {1,...,n} with ¢ # j. Apply the map q( ) 7ll n41 08

to the graph G. In particular, ql( )(G) is a linear combination of graphs, each
of which is so that the vertex v; is connected with only one internal edge either

to v; or vy (but not to both). Clearly, only cycles containing the vertex v;,

1)

are affected by the map ¢, ’. That is, the vertex v; cannot share a cycle with

neither of the vertices v; or v,41. Hence, the graphs in ql(l)(G) are not 2-edge

connected. This completes the proof. O

Lemma 5 Fiz integers k,s > 0 and n > 1. Then, for all i € {1,...,n}, the
following statements hold:

(a) t(QVL®) C QVLrs;
(b) ¢¢D(@QVE) C Ut

Proof: (a) Clearly, the statement holds. (b) Let G = (V, K, E); E = E,,,UE.,,,

together with the maps ¢,,, and .., denote a graph in VZ"Lfgf . Apply the map
qf(l) i= 2l; n41 055 to the graph G. In particular, s¢(G) is a linear combination
of graphs, each of which is produced from the graph G by transforming one or
more cycles containing the vertex v; € V, into paths whose end point vertices
are v; and v,41. Moreover, every way to assign the remaining ends of internal
edges in the process, from v; to either v; or v,,41, defines new cycles. Therefore,
applying the map l; ,41 to s(G) restores the broken cycles and yields 2-edge
connected graphs. This completes the proof. O

4 Arbitrary connected graphs

The present section has substantial overlap with Section II of [6]. Its main result
is a recursion formula to generate all connected graphs directly in the algebraic
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representation rooted in [5]. Here, we formulate that formula on the level of
graphs. In a recursion step, the formula yields the linear combination of all
graphs having the same vertex and cyclomatic numbers. Moreover, the sum of
the coefficients of all graphs in the same equivalence class, corresponds to the
inverse of the order of their group of automorphisms.

We use the maps t; and qgl) defined in the preceding section to recursively
generate all connected graphs following [6].

Theorem 6 Fix an integer s > 0. Let L = {x1,...,z5} be a label set. For all
integers k > 0 and n > 1, define w™"* € QV%* by the following recursion
relation:

o wh0% s a single vertex with s external edges whose free ends are labeled

T1,...,Ts, and unit coefficient;

n—1 n
1 1
n.k.,s 1)/ n—1k,s n,k—1,s
ks . ( k, - ti k=1, ] 1
’ “nl(;ﬂ:qz @) £ 13 >> 0

Then, for fived values of n and k, w™*° = ZGGV&;;,S acG;ag € Qandag >0
for all G € V™™F5 Moreover, Y Gew G = 1/8%, where € C V%% denotes an

conn conn

arbitrary equivalence class of graphs and S denotes their symmetry factor.

In the recursion equation above, the ¢; summand does not appear when k& = 0.
Theorem [6] and formula (T)) correspond to Theorem 10 and formula (11) of [6],
respectively. In particular, for £ = 0, the former theorem and formula corre-
spond to Lemma 10 and formula (12) of [5], respectively. Moreover, formula
is an instance of a double recursion. Therefore, its algorithmic implementa-
tion is that of any recursive function that makes two calls to itself, such as the
defining recurrence of the binomial coefficients.

Proof: The proof is nearly the same as that of Theorem 10 of [6]. The procedure
is also very analogous to the one given in [5]. We translate every lemma given
in Section II of the former paper to the present setting.

Lemma 7 Fix integers s,k > 0 and n > 1. Let Wk = ZGeV!;;,’,‘;*S agG €
QV™ks be defined by formula . Then, ag > 0 for all G € V™Fs,

con conn

Proof: The proof proceeds by induction on the internal edge number m.
Clearly, the statement holds for m = 0. We assume the statement to hold for
a general number of internal edges m — 1. Let G = (V, K, E); E = E,,, U E.,,,
m := card(FE,,, ), together with the maps ¢,,, and ¢.,, denote an arbitrary graph
in Vk:s where m = k +n — 1. We now show that the graph G is generated
by applying the maps ¢; to graphs occurring in w™* 1% =3 o, i1 G- G

Yo+ € Q, or the maps qgl) = %

ZG/EVCZ;I}”“*S BerG's Ber € Q.

lin © 8; to graphs occurring in wn~bFs =
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(i) Suppose that the graph G has at least one vertex with one or more loops.
Let this vertex be v; € V; ¢ € {1,...,n}, for instance. Erasing any loop
yields a graph ¢; 7' (G) € V*=15. By induction assumption, v;,-1(g) > 0.
Hence, applying the map #; to the graph t;~*(G) produces again the graph
G. That is, ag > 0.

(ii) Suppose that the graph G has no loops. There exists ¢ € {1,...,n—1} so
that {vi,vn} € Vi (Eime). Applying the map ¢; ,, to the graph G yields a
graph ¢; ,(G) € V- LRs By induction assumption, Be, .(c) > 0. Hence,

applying the map qgl) to the graph ¢; ,(G) produces a linear combination

of graphs, one of which is the graph G. That is, ag > 0.
O

What remains in order to prove Theorem [f] is to show that the sum of the
coefficients of all graphs in the same equivalence class, is given by the inverse of
their symmetry factor. We start with a more restricted result.

Lemma 8 Fiz integers k > 0, n > 1 and s > n. Let € C V”m’fs denote an
equivalence class. Let G = (V,K,FE); E = E,, U E,,,, together with the maps

©ue and @, denote a graph in €. Assume that VN (E.,) =V. Let ks =
Ycevnke g G € QV™ks be defined by formula . Then, Y e a = 1/5%,

conn conn

where S denotes the symmetry factor of every graph in €.

Proof: The proof proceeds by induction on the internal edge number m.
Clearly, the statement holds for m = 0. We assume the statement to hold for a
general number of internal edges m — 1. Consider the graph G = (V, K, E) € €;
E = FE, UE.,,, m = card(F,.) = k 4+ n — 1, together with the maps ¢,,,
and ¢.,.. By Lemma [7] the coefficient of the graph G in w™** is positive, i.e.,
ag > 0. Moreover, the graph G € % is so that every one of its vertices has at
least one (labeled) external edge. Hence, the graph G has no non-trivial vertex
symmetries: S& .. = 1. That is, S¥ = 5, for any symmetry is an edge
symmetry. We proceed to show that ..o g = 1/5%. To this end, we check
from which graphs with m — 1 internal edges, the graphs in the equivalence
class ¢ are generated by the recursion formula , and how many times they
are generated. Choose any one of the m internal edges of the graph G € %.

(i) If that internal edge is a loop, let this be assigned to the vertex v; € V;

i € {1,...,n}, for instance. Also, assume that the vertex v; has ex-
actly 1 < 7 < k loops as well as x > 1 external edges whose free
ends are labeled x4,,...,24,, With 1 < a3 < --- < a; < s. FErasing

any one of these loops yields a graph t;~}(G) € V™F~15 whose sym-
metry factor is related to that of G € % via St (@) = §€/(27). Let
wkmhs = Yarevni-ts Ve G v+ € Q. Also, let 7 C Vok=Ls denote
the equivalence class containing ¢;~!(G). The map t; produces the graph
G from the graph t;~!(G) with coefficient af; = ;,-1(¢) € Q. Each vertex

of the graph t;71(G) has at least one labeled external edge. Hence, by
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induction assumption, > ., Yar = 1/5471(@) = 1/5. Now, take one
graph (distinct from the graph G) in € in turn, choose any one of the 7
loops of the vertex having x external edges whose free ends are labeled

Zay,- -5 %a,, and repeat the procedure above. We obtain
1 27
* — —
LS e = 9w T g
Ge? Gred

Therefore, according to formula 7 the contribution to ), g is 7/(m-

S%). Distributing this factor between the 7 loops considered yields 1/(m -
S%) for each loop.

If that internal edge is not a loop, let this edge be connected to the vertices,
v,v; € Vid,je{l,...,n} with ¢ < j, for instance. Also, assume that v;
has 7/ > 0 loops as well as r > 1 external edges whose free ends are labeled
Tgyy-ooy &q,, With 1 < a1 < -+ < a, < s, while v; has 77 > 0 loops as
well as 7/ > 1 external edges whose free ends are labeled xy,, ...,z ,, with
1<by<--<bs<sanda, #b,y forall ze {1,...,r}, 2" € {1,...,r'}.
Finally, assume that the two vertices are connected together with p > 1
internal edges, so that 1 < 7 + 7”7 + p < k + 1. Contracting any one of
these internal edges yields a graph ¢; ;(G) € V' 1% whose vertex v; has
pw:=1"+7"4 p—1loops as well as r + r’ external edges whose free ends
are labeled xq,,...,%q,, Ty, ,..., Ty . Consequently, the symmetry factor
of the graph ¢; ;(G) is related to that of G € € via

I lgse_ L 1T 1

21 ) 27 71 27" 71 pl
Let wn~Lks = ZG,eV'n—l‘k,s B G Bar € Q. Let B C V- 1k denote

the equivalence class containing ¢; ;j(G). Apply the map qgl) = %li’n 0S;
to ¢; ;(G). Notice that there are two ways to distribute the 7 +r’ external
edges assigned to the vertex v; of the graph ¢; ;(G) between the vertices v;
and v, so that one vertex is assigned with r external edges whose free ends
are labeled z,,,...,x,,, while the other is assigned with 7’ external edges
whose free ends are labeled zy,, ...,z ,. Therefore, there are two graphs
in the linear combination of graphs qgl)(cm (@)) which are isomorphic to
the graph G € €. To calculate the coefficient ay, € Q of each of these
graphs in that linear combination, we need to count the number of ways
to distribute the 2 ends of internal edges assigned to the vertex v; of the
graph ¢; ;(G) € V" bR between the vertices v; and v, so that the vertex
with the given r external edges is assigned with 7’ loops, the vertex with
the given r’ external edges is assigned with 7" loops, while the remaining
p—1 internal edges are employed to connect the two vertices together. Now,
there are (%) = ﬁ,’)w, ways to assign both ends of 7/ internal edges
chosen among the p internal edges in the process, to the vertex with the
(u=1")!

=)l Ways

aforesaid r external edges. Besides, there are (”;,,T/) =
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to assign both ends of 7" internal edges chosen among the p — 7’ internal
edges in the process, to the vertex with the aforesaid r’ external edges.
Finally, there are two ways to distribute one end of each of the remaining
p — 1 internal edges, per vertex. This yields 2°~! ways to connect the two
vertices together with p — 1 internal edges. The final result is given by the
product of all these factors. Hence, there are

gp-1__ M (p—1)! g1 !

(w— 71" ' (b —7" =717 a TN (p—1)!

ways to distribute the 24 ends of internal edges between the vertices v; and
vy, S0 as to produce a graph in the equivalence class €. Consequently, ag, =
2r=2 Wépq)!ﬂcm(@ for the map qil) carries the factor 1/2. Moreover,
each vertex of the graph ¢; ;(G) has at least one labeled external edge.
Therefore, by induction assumption, Y ., B8ac = 1/8¢:3(G) = 1/8%.
Now, take one graph (distinct from G) in € in turn, choose any one of
the p internal edges connecting together the pair of vertices so that one
vertex has 7 external edges whose free ends are labeled z,,,...,x,,., while
the other has r’ external edges whose free ends are labeled z,, .. . Th
and repeat the procedure above. We obtain

/ -2 !
Z O[G 229 Tl!Tl/!(p_l)! Z ﬁG’

Ge¥ G'eRB
= 9r-1 ! L
B T (p— 1) %
_ gl ! . 717" pl . 1
o T (p—1)! ! 20—18%
- P
= Sz

where the factor 2 on the right hand side of the first equality, is due to the
fact that each graph in the equivalence class % generates two graphs in
% . Therefore, according to formula , the contribution to ) ..o ag is
p/(m-S%). Distributing this factor between the p internal edges considered
yields 1/(m - %) for each edge.

We conclude that every one of the m internal edges of the graph G con-
tributes 1/(m - S%) to Y ;e . Hence, the overall contribution is exactly
1/S%. This completes the proof. O

w™Fs satisfies the following property.

Lemma 9 Fix integers s,k > 0 andn > 1. LetV, K and F = E,,UFE,,
be the sets of wvertices, ends of edges and edges, respectively, of all graphs in
Vrks Let L ={x1,...,7s} be a label set and let | : E,,, — [K, L] be a labeling
of the elements of E,,,. Let w™k = ZGEvn,k,s agG € QV™ks be defined

conn conmn
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by formula (1). Moreover, let K' C K be a finite set so that K N K' = .
Let E', C [K')?; s’ := card(E',). Assume that the elements of E’, satisfy
{ea,ear} N{ep,err} = 0. Also, let L' = {xs41,...,Ts1s} be a label set so that
LNL =0. Letl : B/, — [K',L'] be a labeling of the elements of E' . Then,

ext
w™ k,s+s’ _ EE;T” (wn Jk, s)'

Proof: Clearly, {gr v = Zﬁexcgngt EB1 N\ LoweV\ {0i,0m} © ELore{viron} QU ks
— (@Vn,k,s-&-s’; 1 € {1,...,71 — 1}. Also, fﬁcxt’{vi’vn} 08 = 80 fﬁcxt,{vi} .
QV" Lk,s _ Qvnk 1,5+s™ U @Vn,k,s-i-s*’ where s* = card(ﬁext). Therefore,
the equahty whksts’ = ¢ 5 v (W) follows immediately from the recursive

(,xt’

definition . O

We proceed to show that Y ,co g = 1/5%, where € C VF* denotes any
equivalence class.

Lemma 10 Fiz integers s,k > 0 andn > 1. Let € C V" S denote an arbi-
trary equivalence class. Let w™k* = Ygeynkeac G € QV" ks be defined by

conn conm

formula . Then, Y qeqw G = 1/8%, where S% denotes the symmetry factor
of every graph in €.

Proof: Choose a graph G = (V,K,FE) € ¢; E = F,,, U E.,,, together with the
maps @i, and Q... Let L = {x1,...,2s} be alabel set and let I : E.,, — [K, L]
be a labeling of the elements of E.,,. If ¢...(E...) =V, we simply recall Lemma
Thus, we may assume that there exists a set V' C V; s’ := card(V’) so
that V' N (pext(Eext) = 0. Let K’ C K be a finite set so that K N K’ = (. Let
E', C[K'? card(E’,) = s'. Assume that the elements of E’_, satisfy {eq, eqa }N
{ep,ep } = 0. Also, let L' = {$s+1, ..., Tsys } be a label set so that LN L = 0.
Finally, let I : E/ , — [K', L] be a labeling of the elements of E’/ ,. Now, apply

ext

a map eg  to the graph G. Let 2 C V”’k’HS/ denote the equivalence class
containing epr (G). Let w™ kosts’ — ZG’GV" kots' BarG'5 B € Q. By Lemma

l Y creq Bar = 1/8Fo @ =1/87. Since, in general, the maps eg_ are not

uniquely defined, assume that there are T' distinct maps e(bi, le{l,...,T}so

that 6%? ( ) € 2. Clearly, B. @ = ag > 0. Therefore, repeatlng the same

(G
procedure for every graph in ‘5 “and recalling Lemma[J] we obtain

ZﬁG' ZZﬁm @) —TZCYG—*

G'e9 =1 Ge¥ Pext Ge¥

That is, Y e = 1/(T'- S?). Now, every map 6%2 defines a vertex symme-
xt

try of the graph G. This can have no more than these vertex symmetries, since

the vertices that already carry (labeled) external edges, are distinguishable and

thus held fixed under any symmetry. Hence, S .. = S& ... = T. Moreover,
S7 = Se%ge = Sedge Finally, from the identity S = S:irtex . Sedge, follows that

ZGe% G — 1/ 5%, U
This completes the proof of Theorem [6] O
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4.1 Examples

The present section overlaps the appendix of [6]. We show the result of com-
puting all mutually non-isomorphic connected graphs without external edges as
contributions to w™*? via formula , up to order n+k < 4. The coefficients in
front of graphs are the inverses of the orders of their groups of automorphisms.

n=2k=0 .@@®
n=1k=1 %Q
n=3k=0 ; @0@
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n=3k=1 %.&. +§r@4+%d—o—o+

o0

+
DN

n=2k=2 5 8—0 + £ O + 5 @® +

+ 55 €0

n=1,k=3 231.3[CQ:>

5 Extensions

We generalize Theorem [6] to 2-edge connected, simple connected and loopless
connected graphs. These three results were not obtained in previous papers
using the Hopf algebraic approach given in [Bl [6].

5.1 2-edge connected graphs

By Lemmas [4] and@ Theorem [f] specializes to 2-edge connected graphs by
)
i

replacing the maps ! by the maps qiC M iy formula (

Theorem 11 Fiz an integer s > 0. Let L = {x1,...,z5} be a label set. For
all integers k >0 and n > 1, define 3™*° € QV;_L;JE;S by the following recursion
relation:

o 105 4s q single vertex with s external edges whose free ends are labeled
T1,...,Ts, and unit coefficient;

n—1 n
1 1
ks . 7 c(l) n—1,k,s - ank—1,s
ﬂ : k‘-i—n—l(;q’ (/8 )+2;t2(ﬂ )),k>0
(2)

Then, for fized values of n and k, 3% = ZGevn,k,s agG;ag € Qandag >0
2-edge

for all G € V;_Le’dlz;s. Moreover, Y e g = 1/8%, where € C V;_Le’dlz;s denotes an
arbitrary equivalence class of graphs and S¢ denotes their symmetry factor.
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For k = 1 and n > 1, formula specializes to recursively generate a cycle
with n vertices, s external edges whose free ends are labeled z1,...,zs, and
coefficient 1/(2n), from a cycle with n — 1 vertices, the given external edges and
coefficient 1/(2(n — 1)).

5.1.1 Examples

We show the result of computing all mutually non-isomorphic 2-edge connected
graphs without external edges as contributions to ™*° via formula , up to
order n+k < 5. The coefficients in front of graphs are the inverses of the orders
of their groups of automorphisms.

n=1k=1 %Q
n=2k=1 5 @®

S

I

w

B

I

—_
L=
b‘

n=2k=2 2 @O + 55 B

o

S

I

B

k‘

I

—
ool
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5.2 Simple connected graphs

d(1)

%

We generalize Theorem [f] to simple connected raphs. To this end, we combine
1)

the maps ¢ with the maps li—’)j in formula (

Theorem 12 Fiz an integer s > 0. Let L = {x1,...,xz} be a label set. For
all integers k >0 and n > 1, define 0% € QVJEZ;S by the following recursion
relation:

o o105 is g single vertex with s external edges whose free ends are labeled

T1,...,Ts, and unit coefficient;
[ ]
n,k,s .__ 1 = A1) _n—1,k,s = b nk—1,s
R ;qi (o )+;j§lm(a )| n>1.

3)

Then, for fized values of n and k, o™ = ZGevn,k,s acG;ag € Qandag >0

simple
for all G € KZ,ZZ;S. Moreover, Y- e i = 1/8%, where € C KZ,;Z;S denotes an
arbitrary equivalence class of graphs and S denotes their symmetry factor.

In the recursion equation above, the l?) ; summand does not appear when k& = 0.

Proof: The proof is very analogous to that of Theorem [6] Actually, every
lemma given in the preceding section remains valid by replacing w™*:* by "%,
Here, we only state and prove the two lemmas corresponding to Lemmas [7] and
The rest of the proof is implied by analogy.
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Lemma 13 Fiz integers s,k > 0 and n > 1. Let ok — ZGevn.k,s aq G e

simple

QV"fZS be defined by formula (@ Then, ag > 0 for all G € Vﬁ,;f,;s.

Proof: The proof proceeds by induction on the internal edge number m.
Clearly, the statement holds for m = 0. We assume the statement to hold for
a general number of internal edges m — 1. Let G = (V, K, E); E = E,,, U E.,,,
m := card(E,,), together with the maps ¢, and ., denote an arbitrary
graph in V;ﬁ;ff){f , where m = k +n — 1. We now show that the graph G
is generated by applying the maps qfl - %li’n o s¢ to graphs occurring in
o hks — ZG,GV;?;;{:,S Ba'G'; Bar € Q, or the maps lfyj =1 ;0(id—d;,) to

. . k—1,5 _ *.
graphs occurring in o” 5= ZG*E‘/S?;H;CDTCLS Yo+ G*; var € Q.

(i) If k =0, by Lemma[7] ag > 0.

(ii) If k£ > 0, choose any one of the internal edges of the graph G which belong
at least to one cycle. Let this edge be connected to the vertices v;,v; € V;
i,j € {1,...,n} with ¢ # j. FErasing such internal edge yields a graph
li)jfl(G) € Vs?n’]]f,l:l’s. By induction assumption, 7, .-1(g) > 0. Hence,
applying the map lﬁj to li,jfl(G) produces again the graph G. That is,
ag > 0.

d

Lemma 14 Fix integers k > 0, n > 1 and s > n. Let € C VZ;,’ZS denote an
equivalence class. Let G = (V,K,FE); E = E,, U E,,,, together with the maps
©u and .., denote a graph in €. Assume that VN, (E.) =V. Let 0™** =

ZGGVQZJL’? ag G e QVSZ,;,?I;S be defined by formula (ﬁ) Then, Y e ac = 1.
Proof: The proof proceeds by induction on the internal edge number m.
Clearly, the statement holds for m = 0. We assume the statement to hold for a
general number of internal edges m — 1. Consider the graph G = (V, K, E) € €,
E=F, UE,, m:=card(F,,) = k+n — 1, together with the maps ¢,,, and
Poxt- BY Lemma the coefficient of the graph G in 6™ % is positive: ag > 0.
Moreover, S = 1 for the graph G € € is simple and has no non-trivial vertex
symmetries. We proceed to show that )., ag = 1. To this end, choose any
one of the m internal edges of the graph G € €.

(i) If that internal edge does not belong to any cycle, by Lemma |8} it adds
1/mto Y qeq QG-

(ii) If that internal edge belongs at least to one cycle, let this edge be con-
nected to the vertices v;,v; € Vi i,j € {1,...,n} with ¢ # j. Also, assume
that v; has » > 1 external edges whose free ends are labeled z,,, ..., %q,,
with 1 < a; < --- < a, < s, while v; has r’ > 1 external edges whose
free ends are labeled xp,,...,25 ,, with 1 < by < --- < b < 5 and
a, #by forall z € {1,...,r}, 2 € {1,...,7'}. Erasing such internal edge
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yields a graph [;;~(G) € Viue ® so that Sh ™ (@) = 1. Let o™k~1s =

simple

ZG*G\/;;]’;CM Yo+ G* 576+ € Q. Also, let o7 C Vil 1 denote the equiva-
lence class containing ; ;' (G). The map 1 :=1;; 0 (id — 6; ;) produces
the graph G from the graph I; ;' (G) with coefficient a, = Y,,-1(@) € Q.
Each vertex of the graph I; ;' (G) has at least one labeled external edge.

Hence, by induction assumption, » ..., 7g- = 1. Now, take one graph
(distinct from G) in € in turn, choose the internal edge connected to the

vertex having r external edges whose free ends are labeled z,,,...,2,,,
and to the vertex having r’ external edges whose free ends are labeled
Tp,,---,Tp,, and repeat the procedure above. We obtain

Sap= ¥ e =1

Ge# Greof

Therefore, according to formula , the contribution to ZGG% ag is 1/m.

We conclude that every one of the m internal edges of the graph G adds
1/m to Y e aq. Hence, the overall contribution is exactly 1. This completes
the proof. O

This completes the proof of Theorem [T2} O

5.2.1 Examples

We show the result of computing all mutually non-isomorphic simple connected
graphs without external edges as contributions to o™ via formula , up to
order n+k < 6. The coefficients in front of graphs are the inverses of the orders
of their groups of automorphisms.

N

3
I
W~
o
I
]
D=
+
K=
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n=3,k=1

—

n=>5k=0

— N

_ 1
4k=1 3 I:I +

n=6,k=0
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n=4k=2 % m

5.3 Loopless connected graphs

The present section gives two algorithms to generate all loopless connected
graphs. The second one is amenable to direct implementation via Hopf algebra
in the sense of [5l [6].

5.3.1 Main recursion formula

We generalize Theorem [6] to loopless connected graphs. To this end, we replace
the maps ¢; by the maps [{; in formula .

Theorem 15 Fiz an integer s > 0. Let L = {x1,...,25} be a label set. For
all integers k > 0 and n > 1, define 6% ¢ QV,:f,;’fe;f by the following recursion
relation:

o 0105 is q single vertex with s external edges whose free ends are labeled

T1,...,Ts, and unit coefficient;
°
1 n—1 n i—1
R el DL R ARG RIS ) U
i=1 i=1 j=1

(4)

Then, for fized values of n and k, 0% = ZGevn,k,s ag G;ag € Qandag >0

loopless
for all G € Wg;’fe;f. Moreover, Y ey g = 1/8%, where € C MZZ;’;;";’ denotes an
arbitrary equivalence class of graphs and S¢ denotes their symmetry factor.

In the recursion equation above, the [{'; summand does not appear when k£ = 0.

Proof: As in the preceding section, every lemma given in Section [4] holds when
stated for #™**. Hence, we restrict the proof of Theorem to the following
two lemmas.

Lemma 16 Fiz integers s,k > 0 and n > 1. Let %% = Zcevn,k,s ag G €

loopless

Q\/;Zlfs be defined by formula . Then, ag > 0 for all G € yks

loopless

Proof: The proof proceeds by induction on the internal edge number m.
Clearly, the statement holds for m = 0. We assume the statement to hold for
a general number of internal edges m — 1. Let G = (V, K, E); E = E,,, U E.,,,
m := card(E,,), together with the maps ¢, and ¢.,, denote an arbitrary
graph in Vlf;fl;‘;, where m = k+mn — 1. We now show that the graph G
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is generated by applying the maps qz(l) = %lm o s; to graphs occurring in

gr—Lks — Y crevr-tks Bar G’y Bar € Q, or the maps [, == 1; j 0 0; ; to graphs

loopless

occurring in §™F 1S = ZG*evn,kflys Y6+G*; e+ € Q.

loopless

(i) Suppose that the graph G has no multiple edges. By Lemma [7} ag > 0.

(ii) Suppose that the graph G has at least one pair of vertices, say, v;,v; € V;
i,7 € {1,...,n} with i # j, connected together by multiple edges. Erasing
any one of those edges yields a graph I; ;' (G) € Vel bs By induction
assumption, 7;, -1(g) > 0. Hence, applying the map [f'; :=[; j o ;5 to
li,j_l(G) produces again the graph G. That is, ag > 0.

O

Lemma 17 Fiz integers k > 0, n > 1 and s > n. Let € C Vﬁ;’feﬁ denote an
equivalence class. Let G = (V,K,E); E = E,,, U E,,,, together with the maps
Oine and ., denote a graph in €. Assume that VN, (E.,) =V. Let grokss —

Y geynks ag G € Vlfp]l“ be defined by formula . Then, Y ceq G = 1/8%,

loopless

where S denotes the symmetry factor of every graph in €.

Proof: The proof proceeds by induction on the internal edge number m.
Clearly, the statement holds for m = 0. We assume the statement to hold for a
general number of internal edges m — 1. Consider the graph G = (V, K, F) € ¢
E =FE, UE,,, m:=card(F,,) = k+n — 1, together with the maps ¢,,, and
@uni- By Lemmal[16] the coefficient of the graph G in 6™ is positive: ag > 0.
Moreover, S¢ = S:f;ge for the graph G € % has no non-trivial vertex symme-
tries. We proceed to show that ) .. ag = 1/S%. To this end, choose any one
of the m internal edges of the graph G € €.

(i) If that internal edge is the only one connecting a given pair of vertices
together, by Lemma it adds 1/(m - S%) to 3 qeq -

(ii) If that internal edge is one of the, say, 1 < p < k + 1, multiple edges con-
necting together the vertices v;,v; € V; 4,5 € {1,...,n} withi # j, assume
that v; has r > 1 external edges whose free ends are labeled z,,, ..., Zq,,
with 1 <a; <--- <a, < s, while v; has r’ > 1 external edges whose free
ends are labeled x,,...,25 ,, with 1 < by < --- < b < s and a, # b
for all z € {1,...,7},2" € {1,...,7'}. Erasing any one of the given inter-
nal edges yields a graph I; ;' (G) € Vﬁ;ﬁ;g*s whose symmetry factor is

related to that of the graph G € ¥ via Slis (@) = S /p. Let gmF—1s =

Ygreyni-1:76-G* 56 € Q. Also, let o C Vimk—15 denote the equiv-

e lose loopless
alence clz:ss containing ; ;7' (G). The map lf; :=li j o 6; j produces the
graph G from the graph lm-_l(G) with coefficient ag; = v, 1) € Q.
Each vertex of the graph lm-_l(G) has at least one labeled external edge.
Therefore, by induction assumption, ) .., Yo = l/Sl"w-fl(G) =1/87.
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Now, take one graph (distinct from G) in € in turn, choose any one of
the p internal edges connecting together the pair of vertices so that one
vertex has r external edges whose free ends are labeled z,, ..., x,,, while
the other has r’ external edges whose free ends are labeled zy,,..., 2 ,,
and repeat the procedure above. We obtain

. 1

Ge&€ Geof

Hence, according to formula , the contribution to } .. ag is p/(m -
S%). Distributing this factor between the p internal edges considered yields
1/(m - S%) for each internal edge.

We conclude that every one of the m internal edges of the graph G adds
1/(m-S%) to Y geq ac. Therefore, the overall contribution is exactly 1/5%.
This completes the proof. O

This completes the proof of Theorem O

5.3.2 Alternative recursion formula

We give an alternative recursion formula for loopless connected graphs. The
underlying algorithm is amenable to direct implementation using the algebraic
representation of graphs defined in [5, [6].

Theorem 18 Fiz an integer s > 0. Let L = {x1,...,2z5} be a label set. For
all integers k > 0 and n > 1, define 6™ ¢ @Mg;ﬁﬁ by the following recursion
relation:

o 0105 is q single vertex with s external edges whose free ends are labeled
T1,...,Ts, and unit coefficient;

o OLKs =0, k> 0;

k+1n—1

n,k,s 1 on— —psS
e e DD DL A FU (5)
p=11i=1

Then, for fixed values of n and k, grkos — ZGEvn,k,s agG;ag € Qandag >0

loopless

for all G € Vil Moreover, Y ey g = 1/S%, where € C Vw3 denotes an

arbitrary equivalence of graphs class of graphs and S denotes their symmetry
factor.

Proof: As in the previous sections, every lemma given in Section [ holds for
6m-%5 . Here, details are only given for the following two lemmas.
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Lemma 19 Fiz integers s,k > 0 and n > 1. Let grok.s — ZGEvn,k,s aqg G e

loopless

QV,O"U;,],CE;‘? be defined by formula (@ Then, ag > 0 for all G € V,Onplfs

Proof: The proof proceeds by induction on the internal edge number m.
Clearly, the statement holds for m = 0. We assume the statement to hold
for any internal edge number smaller than a fixed m > 1. Let G = (V, K, E);
E =E, UE,,, m:= card(E,,), together with the maps ¢,,, and ¢,,, denote an

arbitrary graph in Mfgflfss, where m = k+n—1. We now show that the graph G

(). 1

i T 20—
gr—Lk+1=p.s — ZG,E‘GZ;)IIé:;FI—p,S Bc'G'; Ber € Q. There exists i € {1,...,n—1}
so that {v;, v} € Yim(Fi). Assume that the two vertices are connected to-
gether with 1 < p < k + 1 internal edges. Erasing p — 1 of these edges and
contracting the final one yields a graph G’ := (¢; OIi,nl_p)(G) € M&;ﬁ;’i’“l’s,
where li,nlf” denotes the (p—1)th iterate of li,Tfl with lmo := id. By induction
assumption, B > 0. Hence, applying the map qu) to the graph G’, produces
a linear combination of graphs, one of which is the graph G. That is, ag > 0.
This completes the proof. O

is generated by applying the maps g l; n” 0s; to graphs occurring in

Lemma 20 Fiz integers k > 0, n > 1 and s > n. Let € C V,f,,’,” denote an
equivalence class. Let G = (V,K,FE); E = E,, U E,,,, together with the maps
O and ., denote a graph in €. Assume that VN, (E.,) =V. Let grokss —
Ygeyrks ag G € QVZZZ;IZ’S‘? be defined by formula (H) Then, Y ey G =

loopless

1/S%, where S% denotes the symmetry factor of every graph in €.

Proof: The proof proceeds by induction on the internal edge number m.
Clearly, the statement holds for m = 0. We assume the statement to hold
for any internal edge number smaller than a fixed m > 1. Consider the graph
G=(V,K,E)e¥; E=FE,,UE.,; m:=card(E,,) = k+n — 1, together with
the maps ¢, and @..,. By Lemma the coefficient of the graph G in grokss g
positive: ag > 0. Moreover, S% = Sff;ge for the graph G € € has no non-trivial
vertex symmetries. We proceed to show that > .. ag = 1/S%. To this end,
choose any one of the m internal edges of the graph G € %. Let this edge be con-
nected to the vertices v;,v; € V; 4,5 € {1,...,n} with ¢ < j, for instance. Also,
assume that v; has » > 1 external edges whose free ends are labeled z,, , ..., Zq,,
with 1 <a; <--- < a, < s, while v; has r’ > 1 external edges whose free ends
are labeled xp,,...,2p,, with 1 < by < .-+ < b < s and a, # b, for all
ze€{l,...,r}, 2 € {1,...,r'}. Finally, assume that there are 1 < p < k+1
internal edges connecting the vertices v; and v; together. Erasing p— 1 of these
edges and contracting the final one yields a graph G’ := (¢; ; o li’jl_p)(G) €

Vlfo;lle;]:*p 15 whose symmetry factor is related to that of the graph G € €

. / N1 — —D.s
via ¢ = %S%. Let gn—Lk+l=ps — Y crevn-ti+i-ns B G Bor € Q. Let
- loopless

B C VIoLEHITeS denote the equivalence class containing Y. Applying the

loopless
1

map qu) = 2(/)71)![1»7”” o s; to the graph G’ yields a linear combination of
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graphs, two of which are isomorphic to the graph G. Clearly, the coefficient of
each of these two graphs in that linear combination, is o, = (5 o € Q. Each
vertex of the graph G’ has at least one labeled external edge. Hence, by induc-
tion assumption, Y.z Bc = I/SG/ =1/S%. Now, take one graph (distinct
from @) in € in turn, choose any one of the p internal edges connected to the
vertex having r external edges whose free ends are labeled z,,,...,2,,, and to
the vertex having r’ external edges whose free ends are labeled xy,, ...,z ,, and

repeat the procedure above. We obtain

ZaG:2 lZﬁG )|5@25%7

GeE G'cAB

where the factor 2 on the right hand side of the first equality, is due to the
fact that each graph in the equivalence class % generates two graphs in %.
Therefore, according to formula , the contribution to ) ;. ag is p/(m-S%).
Distributing this factor between the p internal edges considered yields 1/(m-S%)
for each edge.

We conclude that every one of the m internal edges of the graph G adds
1/(m-S%) to Y ey @i Hence, the overall contribution is exactly 1/5. This
completes the proof. O

This completes the proof of Theorem O

5.3.3 Examples

We show the result of computing all mutually non-isomorphic loopless connected
graphs without external edges as contributions to 8%° or 6™%:0 via formulas
and , respectively, up to order n + k < 5. The coefficients in front of
graphs are the inverses of the orders of their groups of automorphisms.

DO —
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_I_
DO —=
_|_

n=2,k=3 ; @D

5.3.4 Algorithmic considerations

The two algorithms underlying the recursive definitions and given in
Sections [4] and [5.3.2] respectively, are amenable to direct implementation using
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the Hopf algebraic representation of graphs given in [B [6]. This representation
can be used directly and efficiently in implementing concrete calculations of
graphs. For a discussion of some algorithmic aspects of the recursive structure
of formula we refer the reader to Section IV of [6], and to Section VI C of
[5] if only trees are considered. In the present section, we extend the results of
those papers to loopless connected graphs.

An important aspect for the efficiency of concrete calculations is to discard
graphs that do not contribute. For instance, assume that one is only interested
in calculating loopless connected graphs so that all vertices have a minimum
degree, say, v > 1. In particular, in the recursive definition , the number of

ends of edges assigned to a vertex changes after applying the maps qz(p ). The
only graphs with degree 1 < p < k + 1 vertices are those produced by the
maps s; when one of the new vertices receives no ends of edges at all. This,
thus, acquires degree p after being connected to the other vertex with p internal

edges. Hence, to eliminate the irrelevant graphs with degree v/ < v vertices,

replace the maps qi(p) by ql(’o)zy = ﬁli’n‘) 08i>y_p if 1 < p <w,in formula

(5), where the maps s;>,_, are defined as the maps s; except that the former
are required to partition the set & of ends of edges assigned to the vertex v;
of a graph G, into two sets, each of cardinality equal or greater than v — p
and, s;>,_,(G) = 0if 0 < card(&;) < 2(v — p). Moreover, by Lemma EI,
one can even impose independent lower bounds on the numbers of internal and
external edges assigned to every vertex of a loopless connected graph with n > 1
vertices. In this context, suppose that one is interested in calculating all loopless
connected graphs (up to a maximal cyclomatic number) with n > 1 vertices
and s external edges, so that every vertex has minimum degree v, + V..., where
Vie > 1 and v,,, > 0 are the minimum numbers of internal and external edges,
respectively, assigned to every vertex of a graph. To this end, first, use the maps
qu )>Vm in formula H to calculate all loopless graphs with n > 1 vertices and
no external edges, so that every vertex has minimum degree v,,,. Then, use the
map 5Eeth>Vext, where card(V) = n and card(FE.,.) = s > nv.,, to distribute
s external edges between the vertices of each graph in all possible ways so that
every vertex is assigned with at least v,,, external edges. Accordingly, the map
£Bexi V>, 18 defined as {g,,,v except that the former is required to partition
the set E.,, into n sets, each of cardinality equal or great than v,,,.

Acknowledgements

The author is very grateful to Edita Pelantova for relevant comments and help
on the translation of concepts and definitions to a graph-algorithmic audience,
and for very useful discussions on the standard definitions and terminology of
graph theory. The author would like to thank Robert Oeckl for his careful
reading and important comments on the first version of the manuscript, and
Brigitte Hiller for helpful remarks. Finally, the author would like to thank the
reviewer for useful suggestions.



JGAA, 13(2) 251-281 (2009) 281

References

1]

2]

R. Diestel. Graph theory. Graduate Texts in Mathematics. 3rd edition,
Springer-Verlag, Berlin, 2006.

H. Glover, J. Huneke, and C. Wang. 103 graphs that are irreducible for the
projective plane. J. Combin. Theory Ser. B, 27:332-370, 1979.

C. Jordan. Sur les assemblages de lignes. Journal fur die reine und ange-
wandte Mathematik, 70:185-190, 1869.

G. Kirchhoff. Uber die Auflssung der Gleichungen, auf welche man bei der
Untersuchung der linearen Vertheilung galvanischer Strome gefiihrt wird.
Ann. Phys. Chem., 72:497-508, 1847.

A. Mestre and R. Oeckl. Combinatorics of n-point functions via Hopf algebra
in quantum field theory. J. Math. Phys., 47:052301, 2006.

A. Mestre and R. Oeckl. Generating loop graphs via Hopf algebra in quan-
tum field theory. J. Math. Phys., 47:122302, 2006.

G. Pdlya. Kombinatorische Anzahlbestimmungen fiir Gruppen, Graphen
und chemische Verbindungen. Acta Math., 68:145-254, 1937.



	Introduction
	Graphs
	Elementary linear transformations
	Arbitrary connected graphs
	Examples

	Extensions
	2-edge connected graphs
	Examples

	Simple connected graphs
	Examples

	Loopless connected graphs
	Main recursion formula
	Alternative recursion formula
	Examples
	Algorithmic considerations



