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Abstract. Given an origami crease pattern C = (V, E), a straight-line planar graph
embedded in a region of R?, we assign each crease to be either a mountain crease (which
bends convexly) or a valley crease (which bends concavely), creating a mountain-valley
(MV) assignment p: E — {—1,1}. An MV assignment p is locally valid if the faces
around each vertex in C' can be folded flat under p. In this paper, we investigate locally
valid MV assignments of the Miura-ori, M,, ,, an m x n parallelogram tessellation
used in numerous engineering applications. The origami flip graph OFG(C) of C is
a graph whose vertices are locally valid MV assignments of C, and two vertices are
adjacent if they differ by a face flip, an operation that swaps the MV-parity of every
crease bordering a given face of C'. We enumerate the number of vertices and edges
in OFG(M3,,) and prove several facts about the degrees of vertices in OFG(Ms,y,).
By finding recurrence relations, we show that the number of vertices of degree d and

2n — a (for 0 < a) are both described by polynomials of particular degrees. We then
prove that the diameter of OFG(M ) is ["72] and find lower bounds on the diameter
of OFG(M,, ,,) using techniques from 3-coloring reconfiguration graphs.

1 Introduction

The Miura-ori or Miura fold [13] is an origami crease pattern with numerous engineering and
architecture applications due in part to its ability to fold into a flat, compact shape in one con-
tinuous motion. For example, NASA has explored using origami crease patterns inspired by the
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Miura-ori to compactly fold solar arrays and then unfold them after being deployed in space [14].
The primary objective of this paper is to investigate the properties and structure of the Miura-ori
origams flip graph, a graph that encodes the relationship between valid folded configurations of the
Miura-ori crease pattern (defined in Section 2). Origami flip graphs were first introduced in [2],
and expanded in [10] with respect to single-vertex crease patterns. As we will see, the origami flip
graph describes how folded configurations are connected via face flips, an operation that has been
used to study applications of the Miura-ori in metamaterials [15] and statistical mechanics [3].
Face flips are useful because they describe a local alteration of the crease pattern’s configuration
that can affect physical properties of the origami. For example, in [15] face flips are shown to be
a simple way to mechanically tune the Miura-ori’s resistance force under compression. Knowing
more about the origami flip graph’s structure, such as its connectivity and diameter, would give
engineers a bound on the number of face flips needed to reprogram a Miura-ori’s compression
stiffness from one setting to any other. Although there has been significant study of the Miura-ori,
there is very little literature on its origami flip graph. Currently, the only published result is that
the origami flip graph of the Miura-ori is connected [2]. Thus, this paper represents the first deeper
investigation into this area.

While some of our results hold for the general m x n Miura-ori, which we denote M,, ,,, we
concentrate on the origami flip graph of the Miura-ori with two rows and n columns of parallel-
ograms, Ms . Oftentimes, adding a new row to the Miura-ori would interfere with the results
derived from the 2 X n case, as the new row of vertices introduced would share diagonal creases
with the previous row, thus removing a lot of the “independence” of each vertex and making cases
a lot more complex to handle. Hence it is not clear whether or not results from the 2 x n case will
generalize; we will try to specify our thoughts on this throughout. After establishing background
information and formal definitions in Section 2, we derive a closed-form expression for the number
of vertices and edges of the origami flip graph of Ms,,, denoted OFG(M3,,,), in Section 3. We
then consider extending the MV assignments of the 2 x n Miura-ori to a 2 x (n + 1) Miura-ori
and use these extensions to prove several properties about the degree sequences of OFG(Ma 5, ) in
Section 4. Finally in Section 5, we calculate the diameter of OFG(My ,,) using a previously-known
bijection between the Miura-ori and 3-colored grid graphs from [6].

2 Background

An origami crease pattern is a straight line drawing of a planar graph C' = (V, E) on a region
A C R2?. The Miura-ori [13] is a crease pattern formed by crossing parallel lines with zig-zags,
creating faces that are all congruent parallelograms (see Figure 1a). We denote an m by n Miura-
ori by M,, , and denote the face in the ith row, jth column as «; ;. The case M, will have a
single row of vertices, which we call z1,...,x,_1 from left to right. For £k = 1,...,n — 1, we label
the crease left of xj as egy_3, the crease above as egr_1, the crease to the right as ez, and the
crease below as espy1, as shown in Figure 1b. We additionally set e; = e to describe the leftmost
crease.

In this paper we will sometimes discuss the full M,, , Miura-ori, and in that case we denote
x;,; to be the ith row, jth column vertex in the crease pattern and let {a; ;, ay,;} denote the crease
line between the faces «; ; and ay, if it exists.

A mountain-valley (MV) assignment on a crease pattern C = (V, E) is a function p : E —
{=1,1}, where pu(e) = —1 means the crease e is a valley (concave) crease and p(e) = 1 means
a mountain (convex) crease. In this paper, we use solid lines to indicate mountain creases and
dashed lines to indicate valleys. We say a crease pattern is locally flat-foldable if there exists an
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(a) A 4 x 4 Miura-ori crease pattern. (b) Labelings of the 2 x n Miura-ori.

Figure 1: The Miura-ori crease pattern.

MV assignment such that for each interior vertex x in C, the faces of C that are adjacent to x can
be folded flat without self-intersections (i.e., viewed as a crease pattern by itself, the vertex x folds
flat with its Ms and Vs). An MV assignment that achieves this is called locally valid.

In general, describing what MV assignments are flat-foldable and which are not is difficult [1].
Luckily the single-vertex case is completely known:

Theorem 1 (Kawasaki’s Theorem [8]). Let C' be a crease pattern with one interior vertex x and
sector angles between consecutive creases pi, ..., pak- Then, C is locally flat-foldable if and only if

p1—p2+p3s— ... —p2 = 0.

The mountains and valleys at a flat-foldable vertex must satisfy an invariant known as Maekawa’s
Theorem:

Theorem 2 (Maekawa’s Theorem [8, 12]). Let x be a vertez in a crease pattern with locally valid
MYV assignment p and let E be the set of creases incident to x. Then,

Z ule) = £2

eclE

This theorem states that around any vertex, the number of mountain creases and valley creases
have to differ by 2. In the case where all sector angles between creases are equal, Maekawa’s
Theorem is necessary and sufficient to determine whether an MV assignment is flat-foldable at the
vertex [2]. When the sector angles are not all equal, the smallest ones constrain the mountains
and valleys as follows:

Theorem 3 (Big-Little-Big Lemma [8]). Let  be a vertex in a flat-foldable crease pattern with
locally valid MV assignment p, and suppose that between the crease edges e;, ...,e;+p+1 at x, the

sector angles p; (between e; and e;11) satisfy the condition pi11 = ... = pivk, with p; > p;+1 and
pitk+1 > pi. Then,

iy 0, ifkis odd

> uley) = L1 ifki

S , if k is even.

That is, if we have an even number of small equal sector angles around a vertex that are
bordered by larger angles, then among the edges that border these little sector angles, there needs
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(2)

Figure 2: Two MV assignments of a Miura-ori vertex: (a) a valid and (b) an invalid MV assignment.
The three “toes” of a vertex cannot all be the same parity.

to either be one more mountain crease than valley crease or vice versa. If we have an odd number
of small sector angles, then there need to be equal numbers of mountain and valley creases.

We use these theorems to determine the conditions a locally valid MV assignment on the Miura-
ori must satisty. Each vertex of M, , has 4 sector angles (2 obtuse, 2 acute) bordered by 4 creases.
By Kawasaki’s Theorem, we know that the placement of these two obtuse and two acute angles
ensure that the Miura-ori is locally flat-foldable. By Maekawa’s Theorem, we know that the four
creases around each vertex either have to be 3 valley creases and 1 mountain crease, or 3 mountain
creases and 1 valley crease. By the Big-Little-Big Lemma, we know that the minority crease (the
crease with the different MV assignment) cannot be the one bordered by two obtuse angles. This
is because it would cause the three creases (the three “toes” of the vertex) that border the two
acute angles to all be the same parity, which violates the Big-Little-Big Lemma (see Figure 2).

Given a face a of a flat-foldable crease pattern and a MV assignment pu, a face flip of a under
1 is a new MV assignment p, where we “flip” the edges bordering « to obtain p,. That is,
ta(e) = —pu(e), if e borders «, and pq(€) = p(e), otherwise. If p and p, are both locally valid MV
assignments, then we consider a to be a flippable face under p.

Figure 3 shows how the MV assignment p at a Miura-ori vertex will affect a face’s flippable
nature. Let e; and e, be the two creases at this vertex that border a face a. First note that
if p satisfies Maekawa’s Theorem at the vertex, then p, will also satisfy Maekawa at the vertex.
Thus, to determine if « is flippable, we need only check that the Big-Little-Big Lemma is satisfied
after flipping. If ej, e, form an acute angle, then in order for o to be flippable we must have
w(e;) # pler), since if they were the same, flipping o would result in the three creases around the
acute angles of the vertex being the same M/V parity. Similarly, if e;, e, meet at an obtuse angle,
then we need p(e;) = p(er) to make o flippable.

Let C be a crease pattern. The origami flip graph of C, denoted OFG(C), is a graph whose
vertices are the locally valid MV assignments of C, and where two vertices are adjacent if and only
if they differ by one face flip. Essentially, this graph provides us with an intuition on how “close”
certain MV assignments are to each other. An example of an origami flip graph is in Figure 5.

We next describe a bijection, from [6], between the set of all locally-valid MV assignments of
M,y and the set of all proper 3-vertex colorings of the m x n “dual” grid graph M, , with one
vertex precolored. Position M,, ,, with the top left corner being obtuse, and overlay it with My,
so that each vertex corresponds to a face of M,, ,. Our colors for M}, ., will be the elements of Zs.

m,n

We follow a directed path P in M . along a boustrophedon pattern: Start at the top left with

m,n
vy (corresponding to aq 1 in My, ») then travel to the right through all the vertices in the top
row of M:;L,n, then move down to the second row from vy ,, to va, and then travel left through the

vertices in the second row, then move down to the third row, travel right through all the vertices
in the third row, and so on until all vertices are included in the path. We color the vertices as
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Figure 3: MV assignments of a vertex with flippable faces indicated by check marks. Notice that
around a single vertex, only diagonal faces can be made unflippable.

0
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0
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V2,1
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v (032) (033) v
(a) Construction of the bijection between a Miura-ori (b) Extension of directed edges from P to
MV assignment and a 3-colored grid graph. all the edges in My, ,,.

Figure 4: Illustrating the Miura-ori MV assignment bijection with 3-colorings.

follows: Color the top left vertex v;,; 0 mod 3. Then we color the vertices in P consecutively by
adding p(ex) to the previous vertex’s color, where ey, is the crease of M, , crossed by the edge of
P (see Figure 4a). More formally, our coloring ~ : V (M, ) — Z3 is as follows:

) =7(vi;) +plex) mod3, dodd,1<j<n-—1

) ="(vi;) +p(ex) mod3, deven,2<j<n
Vit1n) = Y(Vin)+ p(er) mod3, ¢odd

) =7(vi1) + puler) mod3, ieven

It can be shown that this process constructs a proper 3-colored grid graph for every locally valid
MV assignment, and that every 3-coloring has a corresponding locally valid MV assignment [6, 9].

We extend our directed edges from P to direct all the edges in My, |, by orienting all the edges
not in P downward. These new directed edges retain the property of crossing over creases leading
to increases or decreases in color, as proved in [6]. That is, if the directed edge from v; ; to viy1 ;
crosses over crease ey, the following is still true (See Figure 4b):

Y(vit1,5) = v(vij) + pu(ee) mod 3.
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Figure 5: Origami flip graph of the 2 x 2 Miura-ori, OFG(Ma 2).

Qg2

We fix the first vertex color arbitrarily. Thus, instead of thinking of the bijection as between
MYV assignments and three colorings of grid graphs with the first vertex color fixed, we may consider
it instead as a bijection between MV assignments and 3-coloring equivalence classes, where any
two elements in each equivalence class only differ by a color permutation. Le., if 7, and 5 are two
different colorings with v1(v11) =0, y2(v1,1) # 0, and

Y2 (Vig1,5) — 12 (Vij) = M1 (Vig15) =M (viy), 1<i<m—-1,1<j<n
Y2(vij1) —2(iy) = N(vigr1) —M(vig), 1<i<m,1<j<n-—1,

then they would be in the same equivalence class; p would correspond to both 3-colorings.

By this bijection, flipping a face o ; of a Miura-ori is equivalent to changing the color of the
corresponding vertex v; ; in the 3-colored grid graph, and a face of M,, , is flippable if and only if
the color of the corresponding vertex of My, ,, can be changed while remaining a proper 3-coloring
(see [2, Lemma 4.1]).

3 Number of vertices and edges in OFG(Ms,,)

We now examine the structure of the origami flip graph of the 2 x n Miura-ori; Figure 5 shows
OFG(Ms32). We begin by enumerating the number of vertices and edges in OFG(M; ). The
number of vertices has already been shown in [6], but we repeat the result here for completeness.

Theorem 4. The number of vertices of OFG(Ma ,,) is 2(3n1).

Proof: We must count the number of valid MV assignments of M, ,. Using the notation of
Figure 1b, crease e; has two choices for its M/V parity. Then for the creases es, e3,eq, the Big-
Little-Big and Maekawa’s Theorems tell us that two of the creases have to match the parity of e;
and the third has to be the opposite. This gives us three choices for es, e3, e4. We then again have
three choices for es, eg, e7, as the parity of e3 is determined. Continuing this pattern gives us a
total of 2(3"~1) valid MV assignments. O
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Theorem 5. The number of edges of OFG(Ms,,) is 8(n + 1)3"73.

Proof: We use a probabilistic method similar to one in [10]. Let E = E(OFG(Mz,,)) be the set
of edges in the origami flip graph of the 2 x n Miura-ori, and let V' = V(OFG(My;,,)) be the set of
vertices. Let E(degv) denote the expected degree of a randomly chosen vertex in V. Then

> ver deg(v) _ 2|E|

E(degv) = V] = (1)

Notice that E(deg(v)) = E(X), where X is the number of flippable faces of a specific MV assign-
ment. Let I; ; be the indicator variable for «; ; being flippable, so X = I; 1 +... 4+ I . By linearity
of expectation,

We know that E(I; ;) = P(w;,; is flippable), and we calculate this probability in each of two cases:
Any face «; ; of My, is either bordered by three or two creases; we call these faces interior and
corner respectively.

In the case where o ; is an interior face, its flippability is determined by the MV assignment
of creases around the two vertices it is adjacent to. Without loss of generality, consider aq 2 (see
Figure 1b): its flippability is dependent on the MV assignment of creases around two vertices
1, 2. Thus, we consider the creases es, e3, e5 to determine its flippability. First, es and e3 need
to be of opposite parity, since they meet at an acute angle. This occurs with probability % Also,
e3 and e; must have the same MV parity since they meet at an obtuse angle. This also occurs
with probability % Since these probabilities are independent, the overall probability of flippability
is % for any interior face.

In the case that «; ; is a corner face (01,1, 2.1, Q1 p, OF Q2 ), we only have one of the constraints

listed above since it is only adjacent to one vertex, and thus the probability of flippability is 2

3
instead of %.
Since we have 4 corner faces and 2n — 4 interior faces on the 2 x n Miura-ori, we get
2 4 8(n+1)
EX)=4--4+2n—-4)- - = ———=
(X) =42+ (@n—1). 5=
Plugging this value into (1) and using the expression for |V| from Theorem 4 gives us
3n1(8 1
|E| = V] -E(X)/2=23""HE(X)/2 = w =8(n+1)3"73.
O

These enumerations of vertices and edges in OFG(M3,,) are difficult to generalize to M, ,,. In
[6] there is discussion of a transfer matrix method for counting locally valid MV assignments of
M, (and thus the vertices of OFG(M,y,_,,)), but no closed formula is known. Finding the number
of edges in OFG(M,, ) remains an open problem.

4 The extension forest x

It is helpful to think about what happens when we extend a 2 x n Miura-ori to a 2 X (n + 1)
Miura-ori by adding three creases to the right end of M5 ,, around a new vertex x,,. We may then
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refer to extending a valid MV assignment p of Ms,, to a new, valid MV assignment p’ of M 41
by choosing Ms and Vs for the three new creases around x,, that satisfy Maekawa’s Theorem and
the Big-Little-Big Lemma. This makes it significantly easier to prove several theorems about the
structure of OFG(M> ) with induction. To do this, we motivate the representation of these MV
extensions in a directed forest, a graph composed of several disjoint, rooted trees with directed
edges.

We encode an MV assignment of Ms ,, as a (3n — 2)-tuple of Ms and V's by taking the leftmost
crease ey and recording its MV-parity in the first position, then each vertex x; and recording the
MV-parity of the top, right, and bottom creases (es;_1, €3, €3;+1). For example, for Mp 3, we might
have p = (M, M,V,M,V, M, V) to denote the MV-parities of ey, e, €3, e, €5, €g, 7 (though we will
often omit the parentheses and commas). Let p(z;) be the MV-parities of the creases above, to
the right of, and below the vertex x;. Formally, we let u(x;) = (u(esi—1), n(esqi), u(esit1)). Also,
for the My case we write u(zo) = (u(ep)). Extending this notation to the m x n Miura-ori, we
use p(z; ;) to denote the parities of the three toes of the vertex z; ;, starting with the top, middle,
then bottom crease (for 1 <i<m and 1 <j <n).

Let V,, be the vertex set of OFG(Mx ,,). We define the extension forest x as a forest that uses
the MV assignments of V; as its roots (which is either M or V, since there is only one crease),
with the second generation as valid MV assignments in V5 that can be obtained via extending the
original MV assignments of V7, and the third generation as valid MV assignments in V3 obtained
via extending V3, and so on. Since there are only two vertices in V7, this forest is made up of two
trees. We refer to the “rows” of the forest as generations, where the MV assignments in the nth
generation make up V;, (locally valid MV assignments of Ma,,). For any vertex representing an
MYV assignment in V,,, its children are its valid extensions in V,,11. The first 2 generations of y are
shown in Figure 6.

Figure 6: The first two generations of the extension forest x, which is comprised of two infinite,
directed, perfect, ternary trees (ternary meaning each vertex has 3 children).

Remark 6. Each vertex of x has 1 parent (if it is not a root) and 3 children.

Given a vertex u in the mth generation of y, let f(u) be the number of flippable faces on
the corresponding MV assignment p of My ,. Note that f(u) is the same as the degree of p in
OFG(Ma3,,). The following theorem serves as the motivation for the section that follows it.

Theorem 7. Let u be a vertex in the nth generation of x with corresponding MV assignment L.
Let wy, wa, and ws be the children of u, with f(wy) > f(ws) > f(ws). If p(xn—1) = MV M or
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VMV, or simply M orV if n=1, then

(f (w1) = f(u), f(wz) = f(u), f(ws) — f(u)) = (2,0,0).

Otherwise,

(f(wr) = f(u), f(wz) = f(u), f(ws) = f(w) = (2,1,0).

Proof: The result is entirely derived from the flippable face possibilities shown in Figure 3 when
extending from My ,, to My 1. E.g., when n = 1 then there is only one crease and thus two valid
MYV assignments of Ms 1 (M or V) each with two flippable faces, the extensions from which are
shown in Figure 6. The number of flippable faces for each MV assignment in the second generation
is 4,2, 2, corresponding to adding 2,0,0 to f(u). For n > 2, if p(x,—1) = MV M then there are
three choices for u(x,): VMV, VV M, or MVV. The possibilities shown in Figure 3 imply that
if we choose VMV for u(z,) then we add two flippable faces to the MV assignment of Ms,,. If
we choose VMM or MVV then we remove a flippable face from the MV assignment of My ,,
but then add another one when extending it to Ms 11, for a net increase of zero flippable faces.
Thus, if (1) = MVM, then (f(wy) — f(u), f(ws) — f(u), f(ws) — f(u)) = (2,0,0). The other
possibilities for p(z,—_1) follow similarly from Figure 3. a

Remark 8. As can also be seen from Figure 3, increasing the number of flippable faces of an MV
assignment by two upon extension corresponds to assigning p(x,) to be MV M or VMV

4.1 The degree extension forest yp

In addition to constructing the extension forest where vertices are labeled with MV assignments
themselves, we change the labels to the number of flippable faces of the corresponding MV as-
signments; we define this as the degree extension forest xp, where the nth generation contains
the entire degree sequence of M ,. Using Theorem 7, we construct xp starting from the first
generation. To do this, we first construct the roots of each tree as two 2s, corresponding to the
MYV assignments of a single mountain and a single valley. By Theorem 7, we know that these two
vertices have labels 4, 2,2 as their children since we add 2,0,0. Furthermore, adding 2 represents
assigning pu(x,) to be MV M or VMV (see Remark 8), so when we add 2 to the label of a vertex u
to obtain one of its children u*, the next set of children of u* have their labels increased by 2,0, 0.
Otherwise, we add 2,1,0 to the labels. Thus, in the third generation, the children of a vertex
labeled 2 are labeled 4, 3,2, respectively, by adding 2,1,0, and the children of a vertex labeled 4
are labeled 6,4, 4 by adding 2,0, 0.

Tracking whether or not we add 2,0,0 or 2,1,0 to a vertex when constructing xp is not any
easier than constructing the extension forest x, since we have to track what MV assignment cor-
responds to each vertex. To better track whether or not a degree extends by adding 2,1,0 or
2,0,0 (by Theorem 7), we color the edges between generations and the vertices themselves either
magenta, orange, or blue. Edges where the difference between the child and parent is 0 are colored
magenta; edges where the difference is 1 are colored orange; edges where the difference is 2 are
colored blue. The children are colored the same as the edge that joins them with their parent.
By Remark 8, if a vertex is blue, meaning we added 2 flippable faces, then its corresponding MV
assignment ends in MV M or VMV. Then, by Theorem 7 itself, we add 2,0, 0 to its label obtain
its children. Otherwise, if a vertex is orange or magenta, we add 2,1,0 to it. This coloring ap-
proach allows us to construct xyp without tracking the actual MV assignments that these vertices
correspond to, only the colors. The first three generations of xp are shown in Figure 7.
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Figure 8: The explicit constructions of the 4 degree-2 vertices of OFG(Ms ). For 14 and v, only
a1, and ay ,, are flippable, and for v3 and vy, only a2 1 and a4, are flippable. (Dots indicate the
MV assignment repeating n — 1 times.)

14| / / V3

Remark 9. Every parent vertex u € xp has at least one child joined by a magenta edge (adding
0), and ezactly one child joined by a blue edge (adding 2).

We will prove many facts about the degree sequence of OFG(Ms ,,) using the degree extension
forest xp, both in this section and in Section 4.2.

Lemma 1. In the nth generation of xp, the minimum labeling is 2, and for all natural n > 2, it
appears four times and is colored magenta.

Proof: In the first generation of xp, there are two blue vertices, each labeled with 2. Labelings
cannot decrease from generation to generation, but they can remain constant by adding 0. Thus,
the minimum labeling is 2 in any generation. In the second generation, there are four magenta
2s. Since we can only add 0 to the parent exactly once by Theorem 7, there will be exactly four
2s in all subsequent generations. Adding 0 also means that each of these 2s will be magenta, thus
completing the proof. a

Lemma 1 is interesting since it implies that the number of degree-2 vertices in OFG(Ma ,,)
is constant as n increases despite the number of vertices increasing exponentially. The four MV
assignments corresponding to these degree-2 vertices are constructed in Figure 8. In fact, we find
that this result holds for OFG(M,, ) as well. Let us denote the crease between faces «; ; and
agr j by {a j,a j} (here either i =4 and j' =j+1ori =i+ 1 and j' = j).

Theorem 10. In OFG(M,, ), there exist exactly 4 vertices of degree 2.

Proof: We construct four MV assignments that only have two flippable faces, and then show that
these are the only such MV assignments possible. Consider the MV assignment on M,, , where
creases {; j,@; j+1} for1 <i<m—1odd and any 1 < j < n—1 are mountain and all other creases
are valley (the M3 4 example of this is shown in the upper-left crease pattern in Figure 9). This MV
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Figure 9: The four MV assignments that have only two flippable faces.

assignment has only two flippable faces: o, and oy, 1. To see this is the case, consider any «; ;.
Flipping o; ; makes the vertex z; ; or the vertex x;_; j_1, if they exist, violate Theorem 3, since
the three toes of the vertex will all be the same. z;_1 j_1 or z; ; exist for all (4, j) # (1,n), (m, 1),
so none of those «; ; faces are flippable. For the face a1y, the only vertex it borders is 1 -1 and
the only creases it borders are {a1 -1, 1.} and {a1 p, a2y}, which have different MV parities.
Therefore if we flip 1 ,, the MV assignment at x; ,—1 will still be valid since the two creases simply
swap parities. Flipping a, 1 is similar: if m is odd, creases {amm—1,1, m,1} and {1, Qm 2} will
swap parities, and if m is even then {a,—1,1, 1} and {am 1, a2} switch from being both valley
to both mountain, which turns x,,_1; into a majority mountain vertex. A similar analysis can
be done to show that the MV assignment (shown in the upper-right of Figure 9) where creases
{ai,j,ai)j+1} for 1 <i<m—1even and any 1 < j < n — 1 are mountain and all other creases
are valley has only o 1 and a,, ,, flippable. To get the other two MV assignments, we can simply
take these two MV assignments and swap the parities of all the creases (as seen in the bottom row
of Figure 9).

To show these are the only four MV assignments that have two flippable faces, consider the
faces along the four sides of the Miura-ori, i.e. the 4 sets {11,212, ...,ca 0}, {11,221, ..., ¥m.1},
{1, Q2 s ooy Omn b, and {am 1, 2, ... nt. We prove the following claim: each side must
have at least one flippable face.

Consider aq,1. If it is flippable, then {11, @1.2,...,00,n} and {a1,1, 2,1, ..., @1} must both
have at least 1 flippable face. Else, it is unflippable and we know the MV assignment around 1 ;
must be either {a1 1,21} = M, p(x11) = (V,M, M), or {a11,a21} =V, plz11) = (M,V, V).
Without loss of generality, suppose the latter.

Then consider the crease ¢ = {2, 1 3}. If ¢ is a valley, then a; o is flippable, since flipping it
makes {a 1,12} and {a1,2, a2 2} swap MV parity (and thus x4 1 is valid) and makes {2, a2 2}
and ¢ switch from VV to MM (thus x4 2 is valid). If ¢ is a mountain, then o 2 is unflippable and we
know that the MV assignment around x1 2 is u(z1,2) = (M, V,V) (see Figure 10). Repeating this,
we get either a flippable face among a13,...,a1,,—1 or all of a11,...,a1,,—1 are unflippable and
w(z1,n—1) = (M,V,V). But then a1, is flippable, since doing so swaps the parity of {o -1, 1.5}
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apg vV a1g X

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 10: If z1 7 = (M, V,V), then oy o is only flippable if {aq 2, a1 3} is a valley crease

and {aq pn, a2} Thus, {a11,010,2,...,a1,} has a flippable face.

We now examine the column of faces {@11,a21,...,0m,1}, assuming «q 1 is not flippable
and p(xz11) = (M,V,V). If crease ¢ = {ag1,@31} is a mountain, then as; is flippable and
{a11,221,...,0m,1} has a flippable face. If as 1 is not flippable, then the MV assignment around
Z9,1 must be: ¢ is a valley and p(z21) = (V,V, M).

We can repeat a similar analysis for a3 1,...,am—11. If a21,...,;m—1,1 are all unflippable,
then we have that the creases around x,,—1,1 are, if m is even, u(zm,m—11) = (M,V,V) and the
other, left crease valley, and if m is odd we have pu(z,,—11) = (V,V, M) and the left crease valley.
In both cases flipping «,, 1 maintains validity. Thus, {@1,1,a21,..., 1} has a flippable face.

A similar argument can be done for the faces {a1,n, a2, ..., Qm.n} and {am 1, 0m 2, - Gmon }-

Thus, we have that each side must have at least one flippable face. This means that the
minimum number of flippable faces is 2, where the only flippable faces are in the two opposite
corners, which corresponds to the 4 MV assignments we constructed above. a

We now return to the degree extension forest xp and the M ,, case.

Lemma 2. For all n € N, the mazximum labeling in the nth generation of xp is 2n, appears twice,
and is colored blue.

Proof: When n = 1, the maximum 2n = 2 appears twice and is always blue. The maximum of the
(n + 1)th generation is generated by adding 2 to the maximum of the nth generation, hence, the
next maximum is 2(n + 1) and is also blue. Furthermore, a parent can only add 2 to its labeling
for exactly one of its children, so the number of vertices with labels of 2n does not change across
generations. Thus, the maximum in the nth generation is 2n, appears twice, and is always blue.

O

Remark 11. The first generation in which an even number 2a appears in X p is the ath generation,
where 2a is the mazximum of the labelings in that generation.

Lemma 3. For all n € N, no vertices are labeled 2n — 1 in the nth generation of xp.

Proof: We prove this via induction on n. The base case n = 1 is evident in Figure 7, since 1 is
not in the 1st generation. For the inductive step, assume that 2k — 1 is not in the kth generation.
If we were to generate the number 2k + 1 in the (k + 1)th generation, then in the kth generation
we would need to either add 1 or 2 to some 2k — 1 label, which the induction hypothesis prohibits,
or add 0 to some 2k + 1, which cannot happen by Lemma 2. Thus, 2k + 1 is not in the (k + 1)th
generation if 2k — 1 is not in the kth generation. O

Let Set(n) be a function that inputs a natural number n and outputs the set of all numeric
labelings of the vertices in the nth generation of xp (meaning duplicate entries are removed). This
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equivalently gives the possible degrees of vertices in OFG(Ma ,,), which we determine using the
following theorem.

Theorem 12. For alln > 2, Set(n) = {2,3,4,...,2n — 2,2n}.

Proof: By the previous Lemmas we know min(Set(n)) = 2, max(Set(n)) = 2n, and 2n—1 ¢ Set(n).
Thus we only need to show that all other naturals between 2 and 2n are in the set.

Figure 7 shows that Set(2) = {2,4} and Set(3) = {2, 3,4, 6}, so the Theorem is true for n = 2
and n = 3. Proceeding by induction, assume for k > 3 that Set(k) = {2,3,4,...,2k — 2,2k}.
We know by the previous Lemmas that 2k + 1 ¢ Set(k + 1) and max(Set(k + 1)) = 2k + 2.
Since all vertices have a child with equal numeric label (the magenta-colored child), we know that
{2,3,4,....,2k — 2,2k} C Set(k +1). All that is left to show is that 2k — 1 € Set(k + 1), but this is
true because 2k — 3 € Set(k) and each parent has a blue-colored child, which adds 2 to its label
to get 2k — 1. Since 2 is our minimum and 2k 4 2 is our maximum, there are no other elements in

Set(k 4+ 1), and we are done.
O

4.2 Number of vertices of degree d in OFG(M,,,)

In order to search for patterns in the degree sequences for OFG(My ), we wrote code to calculate
the number of flippable faces for all MV assignments of M ,, for small n. Table 1 shows the results,
where v¢ denotes the number of vertices in OFG(Ms,,) with degree d, i.e., the number of vertices
in the nth generation of yp with label d.

d | vd| v | vf|vd| v | vd | vf vl
2 (4| 4] 4|4 4 4 4 4
3|04 |8 12| 16 | 20 | 24 28
4 | 2| 820|366 | 56 | 80 | 108 | 140
5 0| 8 | 36| 8 | 168 | 280 | 428
6 2 |12 | 44 | 128 | 296 | 584 | 1032
7 0 [ 12| 80 | 296 | 792 | 1744
8 2 |16 | 76 | 292 | 924 | 2428
9 0 | 16 | 140 | 680 | 2396
10 2 | 20 | 116 | 544 | 2144
11 0 20 | 216 | 1288
12 2 24 | 164 | 900
13 0 24 | 308
14 2 28 | 220
15 0 28
16 2 32
17 0
18 2

Table 1: Degree distributions of OFG(Ma ,,) for 2 <n < 9. Empty cells are 0.

By reading each row of Table 1, it appears that each forms a sequence described by polynomials
of increasing degree: the d = 2 row is constant, the d = 3 row is linear, the d = 4 row is quadratic,
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and so on. We seek to prove this via a recursive technique, but first we construct recursive equa-
tions for v¢ by using properties of the degree extension forest xp.

Proposition 13. Let vl be the number of vertices in the nth generation of xp labeled d. Let b
be the number of such vertices that are blue, and w? be the number of such vertices that are not
blue (W for warm). Then these variables satisfy the following recursions:

d d-2

bn =Up_1s

d_ .d d—1 d—2
W, = Uy,_; +w,_| +v,_5, and

Up = Vnog Hwh T3+ op T+ 0TS
Proof: The first recursion follows from Theorem 7 and Remark 9.

We now consider the equation for w?. A non-blue vertex in the nth generation labeled with d
must have its parent of the (n— 1)th generation be a vertex in the (n— 1)th generation labeled with
either d (any color) or d—1 (non-blue). However, if the parent is labeled d, then there are two cases:
if the parent is non-blue, it generates one child of degree d, and if the parent is blue, it generates

two children of degree d, by Theorem 7. Thus, we get that w? = w? | +2b? | + wz:i. However,
since wé_;4+b¢_ =v? |, and b? | = v972, we rewrite this expression as w? = v¢_| +wl "l +0l7Z

giving us the second equation.
We know that v = b + w?, so adding the first and second equations gives us the third. O

With the recursive equations from Proposition 13, we prove that v? is a degree-(d — 2) polyno-
mial in terms of n. We begin by proving some smaller cases to provide intuition for the proof. We
have already proven that the explicit formula describing v2 is a degree-0 polynomial in Lemma 1
(note that this excludes the case n = 1 where there are 2 vertices of degree 2). Consider the case
of d = 3; we show that v3 is described by a degree-1 polynomial. Since a vertex with the labeling
3 can have its parent be 2 or 3 (always non-blue, with only one child labeled 3), we know that

3 _ .2 3 _ 3
Up = Up_1 + Up—1 = 4 + Up—1-

This recursion solves to the first-degree polynomial v3 = 4(n—2). We now generalize this technique
for all natural d > 2 using a strong induction argument.

Theorem 14. For all natural d > 2, the explicit formula for v& where n > f%] +1 is a polynomial
of n with degree d — 2.

Proof: Setting n > (%W + 1 includes the non-zero values of v¢ but excludes the edge case of
Ufll /o = 2 for d even. We prove the statement by strong induction on d. We have already proven
the base cases d = 2,3, so we proceed to the inductive step.

Assume that for all d < k, the explicit formula for v? is a polynomial of n with degree (d — 2).
We show this implies that v¥*! is described by a degree-(k — 1) polynomial. By Proposition 13,
we have

k+1 _ | k+1 k k—1 k—1
Up =Up_1 + Wyp—1 + Un—1 + Up—2-

Again, we use Proposition 13 to replace the w¥ _; term, giving us that

1 -1 —2 o—1 o—1
UZH = ’Uthl + UZ—Q + w:,—z + U§—3 + 02—1 + ’UZ—Q' (2)
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(03— A@w2) A(u2r) | AY2)
(2,2,2,2,2,2,2,2) (0,0,0,0,0,0,0)
(0,0,0,0,0,0,0,0) (0,0,0,0,0,0,0)

(8,12,16,20,24,28,32) | (4,4,4,4,4,4) | (0,0,0,0,0,0)
(4,8,12, 16, 20, 24, 28) (4,4,4,4,4,4) (0,0,0,0,0)
(20, 44,76, 116, 164, 220) | (24,32,40,48,56) | (8,8,8,8,8) | (0,0,0,0)
(8,36,80, 140, 216,308) | (28,44, 60,76,92) | (16,16,16,16) | (0,0,0)

QY| W N O

Table 2: Sequences of (v2"~4),, for 0 < a <5 and 2 < n < 9. The code computed all sequences up
to a = 16, but only confirmed polynomial patterns up to a = 6. The data suggests that for a € N,
(v2"~4) is described by a degree- L%J polynomial.

k—
n

: 1_  k—1_ 3k—1 _ k-1 _ k-3
Since w,_5 =v,_5 —b,_5

= v, _5 — v, _5 (using Proposition 13), the inductive hypothesis implies
that wﬁ:é is described by a polynomial of at most degree & — 3. In Equation (2) the v*_, term
is described, via our inductive hypothesis, by a degree-(k — 2) polynomial. Everything after this
term provides lower-order terms to the polynomial and thus does not increase the degree. So, we
simplify our expression to

Pt = o+l 4 (some degree-(k — 2) polynomial).

Telescoping this recursion gives us that vE*! is described by a degree-(k—1) polynomial, completing

the inductive step. a

Corollary 15. The explicit formula for b2 is a degree-(d—4) polynomial, and the explicit formula
for w? is a degree-(d — 2) polynomial.

d pd
, b

4 bd, and wd allow us to compute explicit polynomial

Theorem 14 and the recurrences for v
formulas for v¢ using finite differences.

4.3 Number of vertices of degree 2n — a in OFG(M,,,)

We have proven that the number of vertices of a particular degree d is described by a degree-
(d — 2) polynomial. Interestingly, more polynomial recurrences appear if we express d in terms
of n instead of as a fixed natural number. For instance, we can examine the number of vertices
in the nth generation of xp labeled 2n — a for all a € Ny, where Ny = N U {0}. This considers
vertices of degree a less than the maximum degree 2n of OFG(M3,,). Similar to how we collected
sequences to construct Table 1, we now collect sequences (v2"~%),, this time excluding the edge
case where there are exactly 4 vertices labeled with 2n —a (i.e. 2n —a = 2). We then compute
the differences between consecutive terms of the sequences to look for polynomial patterns. This
gives us the following new table of sequences:

The data in Table 2 suggests the following Theorem, which can be proven using Proposition 13
and induction.

2n—a
n

Theorem 16. The explicit formula for v
L%J for all a € Ny.

where n > { W + 1 is a polynomial of n with degree

a
2

The techniques we used throughout this section to describe the degree sequences of OFG(Ma ,,)
are clearly specific to the 2 x n case. Expanding them to beyond m = 2 rows of the Miura-ori
would require different methods, and it is not clear if the closed formulas for the number of vertices
of a fixed degree d will continue to be polynomial.
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ST T/ T7

\ '

Figure 11: A shortest sequence of face flips on M 3 between the MV assignments of two degree-2
vertices in OFG(Ms 3), showing they have distance 5 in this graph.

5 Diameter of OFG(Ms,,)

In Lemma 1 we showed that there exist exactly four vertices of degree 2 in the origami flip graph
of M ,. We now build on this result to explicitly find the diameter of OFG(Mj; ). Define two
MYV assignments with the same flippable faces to be opposite if they have opposite MV parities for
all their edges. We will find the length of a shortest path between two opposite degree-2 vertices
and then show that this is, in fact, the diameter of OFG(Ma ,,).

This task is not as easy as one might think. For example, flipping from one degree-2 vertex
in OFG(Ma3,3) to its opposite cannot be done simply by flipping three of the six faces of M 3 to
ensure that each crease changes its MV parity, as this would cause a violation of the Big Little
Big Theorem along the way. Figure 11 shows one way to do it in five flips, which turns out to be
the fewest possible. Since these sequences of flips must be done carefully, we turn to results on
3-colorings and use the coloring-Miura bijection from Section 2.

In particular, we use techniques and results from [5, 11] on the shortest paths between 3-
colorings in the 3-coloring reconfiguration graph R3(G), which is the graph whose vertices are the
proper 3-colorings of G, and two vertices are adjacent if and only if the two colorings differ at only
one vertex of G. Define a sqg — s; recoloring as a sequence R = sy, ..., s of proper colorings of
G, where s;_1 and s;, 1 < i < ¢, differ in color at exactly one vertex; this corresponds to a path
of length £ in R3(G). Since changing a vertex color on My, . is equivalent to flipping a face in
My, a recoloring on My, . is equivalent to a sequence of face flips on M., ,. Thus, if we want to
find the shortest path between two MV assignments in OFG(Ms_,,), we look at the 3-colorings in
each of their corresponding equivalence class. We find the shortest recoloring between any pair of
3-colorings, one from each equivalence class, and take a pair with the minimum recoloring length,
as it corresponds to the shortest distance between the two MV assignments. First, we define a few
concepts regarding 3-colorings and 3-coloring reconfiguration graphs.

Suppose v is a proper 3-coloring of a graph G and wu;,u; are two adjacent vertices in G.
The weight w(~,w;u;) of a directed edge from u; to u; under 7 is a value in {1,—1} such that
w(7, m) = v(u;) —v(u;) mod 3. Let P, , denote a directed path between two vertices u,v in a
3-colored graph G. The weight of a path w(v, P, ), is the sum of the weights of the edges in P, ,.

Let G be a graph and v a vertex in G. A simple cycle is a path of nonzero length from v to v
with no repeated edges or vertices beside v.

Lemma 4 ([4]). Let G be a graph and let v, B be two 3-colorings of G. If 7, B belong to the same
component of R3(G), then, for every simple cycle K of G, w(v, K) = w(8, K).
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Lemma 5 ([2]). The graph OFG(My, ), and therefore also R3(M;, ,,), are connected graphs.
Using these, we can prove the following:

Lemma 6. The weight function on the graph My, ,, equals zero for all simple cycles and is path
independent.

Proof: Let K be a simple cycle in M, ,,. By Lemmas 4 and 5, if we can show that w(vy, K) =0
for some specific 3-coloring v then the weight of K will equal zero for all 3-colorings. Let v be a
2-coloring of My, , with colors 0 and 1 in Z3, which we know is possible since M, ,, is bipartite.
Then since K is an even cycle, w(vy, K) will be the sum of an equal number of 1s and —1s, resulting
in zero.

To prove path independence, we let P, and P be two different directed paths in My, ,, from
vertices v, , and v, 4. We may then use a standard argument of letting P{l be the directed path
P, with the orientations reversed, and then note that P; U P{l is a union of simple cycles, whose
weights must all be zero under 3-colorings, and duplicate edges in opposite directions. Thus for any
3-coloring v we have w(y, P )+w(y, Py ') = w(y, PLUP; ) = 0, which implies w(7y, P1) = w(7y, Py).

O

Lemma 6 makes the following well-defined: Let v, 8 be two 3-colorings of My, .. The relative
height h . (B,v) of B,v with respect to 7, u is

h"‘hu(ﬁyv) = w(67pu7’v) - w(’%Pu,v)a

where P, , is a directed path in M, , from u to v. Intuitively, h, (5, v) is the “color” difference
of a vertex v between 5 and ~y relative to a vertex wu.

We define the absolute height of vertex u, Hf(si) with respect to a recoloring R = sg,...,S¢
as follows:
Hf(SO) = 0
H(si-1), if s(u)
Hf(SZ) = H{}(Sz_l) + 2, lf si(u)
Hf‘(si_l) — 2, if sz(u)

si—1(u);
si—1(u) =1 mod 3
Si—

1(w)+1 mod 3.

Intuitively, if we let v, s1,...,5¢_1, 3 be our recoloring from v — 3, HI*(B) is the specific color
permutation of 8 relative to v at w. While h,,(8,v) describes the color relationship between
vertices v and u in B, HE(B) describes how the color of u changes. Thus, the h. ,, ,(3,v) values
describe the equivalence class of 3-colorings 8 occupies, while the Hiﬁ,l(ﬁ) value describes if the
recoloring R changes the equivalence class we are in.

We have the following lemma from [11].

Lemma 7 ([11]). Let G = (V, E) be a connected graph with given vertex w € V and let ~y, 8 be two
8 colorings of G Let R =,s1,...,80—1, 8 be a v — B recoloring of length £. Then

0> % ST IHE(B) + (B, 0)]
veV

In the case where v and 8 are in the same component of R3(G), then there exists a path that
achieves this lower bound, which equals the distance between v and 8 in R3(QG).
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We apply this lemma to bound the distance (shortest past length) between any two MV as-
signments in the general origami flip graph OFG(M,, ) = R3(My, ,,), and then use this to find

the exact distance for Ms ,,. First, we calculate the distance between opposite degree-2 vertices in
OFG(Mp,.n)-

Theorem 17. The length L of the shortest path between two opposite degree-2 vertices in the
origami flip graph OFG(M,, ), where m < n, is

{ m22+%%3_% if n —m is odd, and

mn_ % — 2 otherwise.

4 3

If m > n then the above formulas hold with m and n reversed.

Proof: We show this distance formula holds for the case where the two flippable faces are a;
and o, 1. The other degree-2 case is a mirror-image of this, with flippable faces a1 and o, p, so
it has the same shortest path length by symmetry.

By Lemma 7, we know £ > 335 cyare oy [Hi (B) + hywr, (B, 0)], s0 if we can express our
problem in terms of three colorings, we’ll have a method for calculating the shortest distance.

Let p denote the MV assignment of M,, ,, where creases {a; j,a; j4+1} for 1 <i <m —1 odd
and any 1 < j < n — 1 are mountain and all other creases are valley. Let v be the opposite MV
assignment of p. Recall from Theorem 10 and Figure 9 that these are the two MV assignments
where ay ,, and a1 are the only flippable faces. Both p and v have three corresponding 3-colorings
of the m x n grid graph, depending on which color we decide to fix to vertex vy 1. Let v1,72,73
denote the three 3-colorings that correspond to p and let 1, 82, B3 denote the three 3-colorings
that correspond to v. We want to find the shortest recoloring from any 7; to any ;. This is the
same as finding the shortest recoloring length from v = v; to any 8; due to color permutations.

The value of h ., ,(B;,v) is the same across the different 3;’s, since the value of edge weights is
not dependent on color permutations. Thus, the 5; that ends up being the shortest distance from
7 is determined by the value of HY (3;), which accounts for what color the first vertex is fixed
as. To find the shortest recoloring from ~ to 3;, we calculate h. ., ,(3,v) from v to an arbitrary
B = pB; and choose the H = Hﬁyl(ﬁ) value that results in the shortest distance. We can choose
this H value since the bijection between the Miura-ori and 3-colorings is one between Miura-ori
MYV assignments and 3-coloring equivalence classes rather than specific 3-colorings.

We first calculate h. ., , (3,v). We construct our path in a boustrophedon pattern in the same
way as the construction of the bijection between Miura-ori MV assignments and 3-colored grid
graphs (see Figure 12). By construction and our choice of 7,

w(7, Vi Vi) = 1, I<j<n w(B, vijvij+1) = —1, l<j<n
W(ﬁ/, Ui,nvi+1,7b) =-1 w(ﬁzvi,nvi—&-l,n) =1
. . — .

w(y,Vig1Vit1-1) = -1, 1<j<n w(B, viyr vivr 1) =1, 1<j<n

w(7, Vig1,10i42,1) = —1 w(Y, Vig1,10i42,1) =1
where i is odd (1 < i <m —1). Since hy ., , (B,vi;) = w(B, Po, 1 v,;) — W(V, Py, 1 v;;) Where we
take Py, , 4, ; to be our directed boustrophedon path on My, , (as seen in Figure 4a), we have

20i—1)—2(j — 1) = 2i — 2j iodd,1<j<n

h7701,1(ﬂ7vi,j) = { (3)

2% —2(n+1)+2(n—(j—1))=2i—2j ieven,1<j<n.
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1 1 -1 -1
************ -1 1
—1 -1 1 1
v ele © & o e o
-1 1T
1 1 -1 -1
(a) Weights of edges of M3 ,, under (b) Weights of edges of M3 ,, under

Figure 12: 3-colorings ~, 3, corresponding to p and v

But this just means h ,, , (8, v; ;) = 2 — 27 in both the ¢ even and ¢ odd cases. We then calculate
the minimum distance ¢ using Lemma 7 and dividing into three cases: H < —2m, —2m < H < 2n,
and H > 2n. In each case, we will need to see when H + h,,, ,(3,v) is positive or negative in
order to simplify the absolute value in the summation of Lemma 7.

Case 1: H < —2m.

Since 1 <7 < m, we have H — 2t —2j < H +2m — 2j < 0 in this case. Then Lemma 7 gives us

1
0> 5 Z |H+ h'y,vl,l(ﬂav)l

vEV(M,’;L,n)
1 o= mn?  mn 1
) D) DR LIRS VA
=1 j=1
This reaches its minimum when H = —2m, giving us £ > mn?/2 + m?n/2.

Case 2: —2m < H < 2n.
If 1 <j < H/2+ i we have

H+ ey, (Byviy) = H+2i —2j > H+2i — H—2i =0,

whereas if H/2+41i < j < n we have H + h,, ,(8,v;,;) is negative. However, if H < 0 then the
1 < j < H/2+ i case might not occur for some values of 4, so let us assume for now that H > 0.
Then Lemma 7 gives

1
t> § Z |H + h'Y;'Ul,l(B?/U)‘
’UGV(M;;L,")
:52 S(H+2-2)+ Y. —(H+2i—2j)
i=1 \ j=1 j=H/2+i+1

This simplifies to m/12(6n2 — 6mn — 6 Hn + 4m? + 6 Hm + 3H? — 4), a concave-up quadratic in H
which has a minimum at H = n—m and then gives a minimum bound of £ > mn?/4+m3/12—m/3.
Since we are assuming H > 0, this formula will hold when m < n.
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However, H is always even (as can be seen in the definition of H(s;)), so if n —m is odd then
H cannot achieve this minimum value. Instead, the minimum for H will be at H = m —n+ 1 and
m —n — 1, both of which will give the same bound by the symmetry of the quadratic in H and
which gives the bound ¢ > mn?/4 +m?3/12 — m/12.

For the H < 0 case, we use the fact that the grid graphs My, ,, and M, ,, are isomorphic and
“transposing” the graph in this way only reverses the sign of h. Therefore the H < 0 case will give
the same bounds but with m and n reversed.

Case 3: H > 2(n —1).
This case turns out to be the same as Case 1. Since H > 2n we have H +2i—25 > 0. Lemma 7
then says

1
> § Z ‘HJF h77v1,1(67v)|
UGV(]M;MTL)
1 o- . . mn? m?n 1
= §ZZ(H+22—2J) = —?-I—T—ﬁ-iHmn

i=1 j=1

This achieves its minimum when H = 2n giving us £ > mn?/2 + m?n/2, which is the same bound
as Case 1.

It is not hard to show that for m < n, the Case 2 bounds of mn?/4 + m?®/12 — m/3 and
mn?/4 + m3/12 — m/12 are both less than mn?/2 + m?n/2 from Cases 1 and 3. This gives for
formula for L as stated in the Theorem.

Finally, by Lemma 5 we know that the Miura-ori flip graph is connected, so by Lemma 7
there exists a shortest path in R3(My;, ,,) = OFG(M,, ) between opposite degree 2 vertices that

is exactly length L.
O

Therefore, the shortest distance between the opposite degree-2 vertices in OFG(Ma ;) is [%2]
We will now show that the shortest distance between any two vertices in OFG(Ms,) is never
longer than this distance (and then discuss why our approach will not work for M, , with m > 2).

Referring back to Lemma 7, we want to know at which H = HY (3) value ZUEV(M,;W) |H +

hy vy, (B,v)| is minimized, where v and 3 are corresponding 3-colorings of two arbitrary MV
assignments on Ms ,, as that would determine the shortest path length between any two MV
assignments. Since H is constant in this summation, we turn our attention to the h.., ,(3,v)
term.

Lemma 8. For fived 3-colorings v and 3 of M ,,, the value of h~ ., ,(B,v) changes by 0, =2, or
2 as we move from a vertex v in M3, to one of its neighbors.

Proof: This is a simple consequence of the definition h ., ,(3,v) = w(B, Py, ;) — w(7, Py, 1 v)-
Since our 3-colorings are proper, as we move from v to one of its neighbors, w(3, P,, ,,) and
w(, Py, ,,») will both change by £1. If both change by the same amount, h,,, ,(5,v) will not
change. If they change by different amounts, % ., , (3, v) will change by 2. O

Theorem 18. In OFG(Ma ,,), the two vertices with a mazimal shortest path between them are two
opposite vertices of degree 2. In other words, if we have any two MV assignments pu1, pa of Ma p,
then there exist corresponding 3-colorings -y, 8 such that

1 2
5 2 kG| T,

'uEV(Mz*m)
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[P0, (B, i 5)]
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K _________ 1 mmeeee . 1 (R, (B, 0i)]
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0 0 0 2

(a) Weights of edges of M3 4 un- (b) Weights of edges of M2,4 un- (c) Graph of the |h ., ; (8,vi5)]
der der B and the hy,v, ; (6, vi ;) val- values as v;; travels along the
ues (in bold). directed cycle K*. Removing

the ”plateaus” gives a Dyck

path. The area under this rep-

resents ) [hy,vy 4 (B, 0i,5)]

Figure 13: 3-colorings of two non opposite, non degree 2 MV assignments -, (3, and the
hey oy, (B, vi ) values in Mz ,. Notice how the area under the path is smaller than for the case

of 4 and f.
where H is chosen such that %ZvGV(M;") |H + hy v, (B,0)] is minimized.

Proof: Let 7, B be the 3-colorings of M3, corresponding to the MV assignments where only a; ,,
and as are flippable. We know %ZveV(M; ) [H + h:wl’l(ﬁ,vﬂ = (%2] To show this is the

diameter, we want to show %ZUEV(MZ*H) |H + hey o, (B,0)] < %ZUGV(MJH) |H + hs0, , (B,v)], for
any two 3-colorings v, 5 that correspoﬁd to MV assignments p1, o. ,

Let Bi’j = h:wl,l(ﬁ7 v;,;) and let h; j = hy (B, v;;) where v and /8 are any two 3-colorings of
M3 ,,. We know from Lemma 6 that the values of hij and h;; are independent of the path taken
from v1 1 to v; 4, so we will assume it is the path from vy ; to v; ; along the directed Hamilton cycle
K* on M3, consisting of edges v1,101,2,01 2013, - -+, V1,nV2,n, V2002 n—1, - -, V22021, V2,101 1 (which
is just our boustropheron path on Mj, , as in Figure 4a). We know by Lemma 8 that from one

vertex to the next along K* the values of iL” and h; ; change by 2, 0, or —2. As such, the graph of
|hi ;| as we travel along K* starting at vy ; will be like a Dyck path, aside from having “plateaus”
whenever h; ; doesn’t change; see Figure 13 for an example, as well as how these “plateaus” could
be altered to make a traditional Dyck path. The sum Y |h; ;| is an approximation of the area
under the corresponding Dyck path, and it is known that a Dyck path’s area is maximized when it
monotonically increases to a maximum point in the middle of its domain and then monotonically
decreases back to zero.! This is exactly what |h, ;| does along the path K* (the Ms , case is
illustrated in Figure 14), proving that 3 ZveV(M* |H+h;j| <3 2 vev( M; ) |H +h; j| since H is
constant. Thus, the maximum distance between two vertices in OFG (Mo, n) can be found between
the two vertices that represent the MV assignment whose only flippable faces are o1, and a3

and its opposite MV assignment.
O

1To see this, consider any other Dyck path, which must have at least one “valley” point shaped like /', which
could be flipped up to /N, and thereby increase the area under the path.
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/ / . / 0 .”’ _92 ’."'_4 /'I"—G Ii"r R (a vi,j)]
@ V14 @ 2 _1" . .

(V1,3

\/
e x """"" Svevy

\ -8 T T T 1 1 &
U12 V13 V14 V2 q V23 U22 U2 V11

(a) Weights of edges of M2,4 un- (b) Weights of edges of M5 4 un- (c) Graph of the |il~7,v1‘1 (57 Vi)
der ¥ der § and the fwvl)l (B, vi ;) val- values as v;; travels along the
ues (in bold). directed cycle K*, viewed as a

Dyck path with maximum area.

Figure 14: 3-colorings 7, 3, and the ﬁ&,vl,l(& v ;) values in M; ;.

While the proof of Theorem 18 uses the two MV assignments of M, ,, where oy, and as; are
the only flippable faces, it also holds, by symmetry, for the other MV assignments that have only
two flippable faces (i.e., the four degree-2 vertices in OFG(Mx ,,)). However, in order to obtain the
maximum |y, ,(B,v;;)| values for the MV assignments whose only flippable faces are a;; and
Qg p, one needs to let the base vertex v in Lemma 7 be v = vy ; instead of u = v;,;. Nonetheless,
these four degree-2 vertices in OFG(My ) are the only MV assignments that, with their opposites,
give the maximal-area Dyck paths, as illustrated in the Figure 14 example.

The following corollary results from Lemma 1, Theorem 17, and Theorem 18.

Corollary 19. The diameter of OFG(Ma ,,) is f%ﬁ

We note that the proof of Theorem 18 does not generalize to M,y, ,, for m > 2. One reason is
because in order for the graph of the relative height function h to be like a Dyck path, My, |, needs
to have a Hamilton cycle. In general, My, , will not have a Hamilton cycle when m and n are
both odd, and thus a different argument would need to be made for those cases. However, even
for cases like M3 4, which does have a Hamilton cycle, we have not been able to find a locally valid
MYV assignment whose corresponding 3-coloring, together with its MV opposite, give a relative
height function h whose graph is the maximum-area Dyck path. It seems like the geometry of the
Miura-ori crease pattern (and the nuances of 3-coloring grid graphs) limits the maximum value
that h can attain, and more insight into this subtlety would be needed to generalize our proof.

6 Conclusion

We have found several properties of the origami flip graph of the Miura-ori. In OFG(Ma ), we
enumerated the number of vertices and edges, proved its diameter, and proved numerous properties
about the degree sequence. For the general case, we showed that OFG(M,, ) has exactly four
vertices of degree 2 and found bounds on the diameter. This leads us to several new open problems,
such as the ones below.

e Can we generalize results about OFG(Ms,,,) to larger cases of m? For instance, can we find
the diameter of an m x n Miura-ori, or say anything about the degree sequence?

e Can we develop a more straight-forward approach for finding the actual polynomials that
describe the number of vertices of OFG(Ms ,,) with degree d?
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Lastly, we note that as this paper was being revised and prepared for publication, a new paper
appeared on the arXiv, [7], which provides some answers to the above questions. In particular, [7]
enumerates the number of degree-4 and degree-5 vertices in OFG(M,, ,,), gives an alternate proof
of our Theorem 10, and finds equations for the diameter of OFG(M,, ) when m =3, m =4, and
m = n that match the bound given in our Theorem 17.
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