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Abstract. Hub Labeling (HL) is a state-of-the-art technique for accelerating short-
est path computation in road networks. By utilizing precomputed node labels, it can
answer distance queries in microseconds on continent-sized networks. The optimiza-
tion goal is to get correct query results with a minimum number of labels. There
is an O(log n) approximation algorithm for the size of an HL with a running time of
O(n3 log n). However, existing practical implementations rely mostly on heuristics for a
special type of HL, so called Hierarchical HL (HHL). Deciding whether a graph admits
a labeling of size at most k is NP-hard for both HL and HHL. For HHL, an O(

√
n log n)

approximation algorithm (called w-HHL) is known. In this article, we devise an exact
HHL algorithm for general graphs. We also show that the exact algorithm transfers to
Hierarchical Landmark HL (HLHL), which is a generalization of HHL. Moreover, we
prove that w-HHL provides a constant factor approximation on trees and investigate
for the first time the practical performance of HHL approximation algorithms. We also
compare the resulting label sizes to heuristic HHL and HLHL. Our experimental re-
sults offer novel insights and show that commonly used methods for HHL are noticeably
outperformed by w-H(L)HL on general graphs as well as trees.

1 Introduction

Efficient shortest path planning plays a pivotal role in a multitude of applications, particularly in
road networks but also in other types of graphs. In road networks, for instance, it is fundamental
for navigation systems [19], transportation logistics [6], and urban planning [20]. Beyond road
networks, shortest path computation is an important ingredient, e.g. in social network analysis
[21], data package routing in computer networks [27], or VLSI design [23]. Oftentimes, multiple
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shortest path queries need to be issued on the same input graph. To facilitate fast query answering,
preprocessing based techniques are commonly applied.

Hub Labeling (HL) is a state-of-the-art technique which provides excellent query times on
various types of graphs [9, 12, 11]. Given a weighted graph G(V,E, c) with c : E → R+, an HL
assigns to each node a label L : V → 2V such that the so called cover property is fulfilled, that is,
for all connected pairs s, t ∈ V , L(s) ∩ L(t) ∩ π(s, t) ̸= ∅ where π(s, t) denotes the set of nodes on
the shortest path from s to t in G. If all nodes v ∈ V store the shortest path distance cv(w) to
each node w ∈ L(v), the cover property allows for computing the distance between nodes s and t
via the formula: minv∈L(s)∩L(t)(cs(v) + ct(v)). To compute the set L(s) ∩ L(t) efficiently, nodes
in L(v) are presorted by node ID. Then, the intersection of any two such sets can be computed
in time linear in their sizes by a merge-like procedure. For convenience, we assume that all nodes
contain themselves in their label set.

Thus, the performance of HL solely depends on the size of the respective labels. Let Lavg :=
1
n

∑
v∈V |L(v)| denote the average label size. Then the space needed to store an HL is in O(nLavg)

and the average query time over all node pairs is upper bounded by 2Lavg. Accordingly, the
natural optimization goal is to compute an HL with the average node label size as small as possible.
Minimizing Lavg is an NP-hard problem [4]. Hence efficient heuristics that produce moderate label
sizes are used in practice. In particular, heuristics for a special type of HL, a so called Hierarchical
HL, are most prominent.

Definition 1 (Hierarchical Hub Labeling (HHL)) A hub labeling L is a hierarchical hub la-
beling if there exists a bijective ordering (rank) r : V → {1, . . . , n} for n = |V |, such that for all
v, w ∈ V , w can only be added into the label set L(v) if r(w) ≥ r(v).

In other words, in an HHL, nodes have ranks and the label of a node is only allowed to contain
nodes of higher rank. One of the main advantages of HHL is that it suffices to fix a ranking function
and then the smallest possible HHL that respects this ranking can be computed in polynomial time.
This labeling is called a canonical HHL [5].

Definition 2 (Canonical HHL) Given a node ordering r, the node w ∈ V is contained in the
label set L(v) of v ∈ V , if and only if w has the highest ranking on some shortest path originating
from node v.

It is easy to prove that the canonical HHL is both necessary and sufficient to fulfill the cover
property. However, determining the ranking function that minimizes Lavg is still NP-hard [5].
There exists a graph family such that the optimal Lavg of HHL is at least a factor of O(

√
n) of

the optimal Lavg of HL [5]. A heuristic is to rank the nodes by degree [10]. While this approach
works very fast, label sizes might become huge. More sophisticated approaches use other greedy
rankings or are related to Contraction Hierarchy (CH) construction [2], which is another rank-
based preprocessing method for faster shortest path computation [14]. However, these do not
come with provable guarantees. There do exist approximation algorithms, but with quite large
approximation factors of O(

√
n log n) [5]. Using a nested dissection approach, a parametrized

approximation factor of O(t log n) for label sizes was shown [7], where t denotes the treewidth of
the network. This parameter is known to be small in road networks [18].

We will provide novel insights into exact and approximate HHL computation. Furthermore, we
will also consider Landmark HL (LHL), which generalizes the HL approach. It also comes in a non-
hierarchical and a hierachical variant (HLHL). We discuss how the methods we develop for HHL
need to be modified to also cater for HLHL. Furthermore, we provide an extensive experimental
study that compares existing and new algorithms for HHL and HLHL.
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1.1 Related Work

HHL was proposed by Abraham et al. [2] and shown to perform well on road networks using
heuristics inspired by contraction hierarchies (CH). It was demonstrated that HHL outperforms
CH significantly with respect to query time. In [11], O(log n) approximate solutions for HL were
compared to heuristically obtained HHL solutions, showing that HHL labels are 20-50% larger but
can also be computed much faster. The gap in label size is also far from the worst-case gap of
Θ(

√
n) shown for specifically constructed graphs [15].

Several scalable HHL heuristics have been investigated in the meantime, offering different trade-
offs between preprocessing time and label size [3, 17]. The best known approximation algorithms
for HHL, called w-HHL and g-HHL come with large approximation factors of O(

√
n log n) [5]. It

was also shown that the analysis is tight for g-HHL. For w-HHL, there exist example instances on
which the produced labeling is larger than the optimum by a factor of Θ( 3

√
n).

There are several parametrized upper bounds for maximum (and thus average) label sizes in HL
and HHL. For HL, an expected upper bound of O(κ log n) was proven in [16], where κ denotes the
skeleton dimension of the network. This approach relies on a randomized preprocessing scheme. For
HHL, labels of size O(h logD) exist where h is the highway dimension and D the network diameter.
Using polynomial-time preprocessing, the bound increases to O(h logD log n) [1]. However, the
preprocessing is still too demanding to be used in practice even on small networks. A more practical
approach that also comes with bounded label sizes was proposed in [7]. It is called nested dissection
and was originally designed for CH computation. The approach relies on recursively dividing the
graph using balanced node separators. The method produces HHL with label sizes in O(t log n)
where t denotes the treewidth. Allowing only polynomial construction time, the label sizes are in
O(t log2 n). On trees, where t = 1, the same strategy yields a 2-approximation for Lavg [22]. There
is also a PTAS on trees [4]. However, the complexity of minimizing label sizes of HHL on trees is
still an open problem.

Landmark Hub Labeling (LHL) was introduced in [25]. It relies on a weaker definition of
the cover property and thus allows for smaller label sizes than HL. A O(log n)-approximation
algorithm with a running time of O(n6) was proposed. For the hierarchial variant, however, so far
no algorithm with an approximation guarantee is known. Parameterized upper bounds transfer
from HHL to HLHL as every HHL is also a valid HLHL. The gaps between the different variants
of LHL and HL have been shown theoretically by the authors in [8]. Of all the different distance
labels, the optimal LHL has the smallest label size. Experimental evaluations on road networks
and grid graphs show, though, that HLHL produced by sensible heuristics outperfoms HHL with
respect to label size [25, 26].

1.2 Contribution

We investigate HHL algorithms with provable guarantees on general graphs and on trees. We
are able to extend most results concerning HHL to HLHL as well. The following are our main
contributions:

� We present an exact algorithm for HHL with a running time of O(n22n) that avoids iterating
over all n! possible ranking functions. While the algorithm does not scale to large networks,
it can be used to assess the quality of heuristics on small instances. We also adapt this exact
algorithm to compute an optimal labeling for HLHL, with running time of O(n32n) and space
of O(n2n).
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� We show that the approximation proof of w-HHL derived from the greedy SetCover algorithm
as provided in [5] needs additional arguments for its correctness. We fill in the respective
steps and prove that the approximation factor of O(

√
n log n) for w-HHL is maintained.

� We prove that two known approximation algorithms for HHL on general graphs, namely
w-HHL and g-HHL, produce constant-factor approximations on trees. By generalizing an
LP-based approach from [4], we prove a more general result that nested dissection based on
α-balanced separators for α ∈ [1/2, 1) yields an approximation factor of 2α

1−α . For w-HHL and

g-HHL we show that α = 1/
√
2.

� We present a 2-approximation of HLHL on complete binary trees.

� We implement and evaluate the performance of the approximation algorithms of HHL (g-
HHL and w-HHL) on a diverse set of benchmarks. We assess their quality with respect to
lower bounds and compare the outcomes to those of the commonly used H(L)HL heuristics
on general graphs and trees. Despite their large theoretical approximation factors, it turns
out that the approximation algorithms outperform the heuristics drastically.

2 Preliminaries

Throughout the paper, we assume to be given an undirected connected graph G(V,E) with non-
negative edge weights c : E → R+ and unique shortest paths between all pairs of nodes. The latter
property is a common assumption that might also be enforced via symbolic perturbation of the
edge weights. We refer to the shortest path between two nodes s, t ∈ V as π(s, t) = s, . . . , t and to
its cost as c(π(s, t)) or cs(t) = ct(s) for short.

The formal definition of HL and HHL was already provided in the introduction. It remains to
define Landmark Hub Labeling (LHL). A label v is called a hub for s and t if and only if v lies
on the shortest path between s and t. Differing from a hub label, we introduce the concept of a
perfect landmark.

Definition 3 (Perfect Landmark) A node l ∈ V is called a perfect landmark for a node pair
s, t ∈ V if |cs(l)− ct(l)| = cs(t).

LHL is a generalization of HL that allows landmarks to fulfill the cover property.

Definition 4 (Landmark Hub Labeling) A LHL is a labeling L : V → 2V which fulfills the
landmark hub cover property, i.e., for any two nodes s, t ∈ V there is a node w ∈ L(s) ∩ L(t)
which either is a hub or a perfect landmark for s, t.

This weaker cover property allows for smaller labelings. However, it also results in a more intricate
query answering algorithm. While for (H)HL, we know the upper bound

UB := min
v∈L(s)∩L(t)

(cs(v) + ct(v))

to be tight, for LHL also the lower bound

LB := max
v∈L(s)∩L(t)

|cs(v)− ct(v))|

could be the one equal to the correct shortest path distance. Clearly, if UB = LB, both are tight.
But if LB < UB, one needs to check which of them is equal to cs(t). To determine whether the lower
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bound implied by some landmark l is tight, one extracts the shortest path from s to l (assuming
w.l.o.g. cs(l) > ct(l)) up to distance LB and checks if t is found at this distance. If that is not the
case, UB is tight.

To perform the check more efficiently, it is beneficial for the LHL to fulfill an additional property,
namely to be path-consistent (PC) [25].

Definition 5 (Path-Consistent Labeling) In a path-consistent labeling, for each w ∈ L(v),
we also have w ∈ L(u) for all u on the shortest path from v to w.

As shown in [25], every canonical HHL is PC. A hierarchical LHL (HLHL) can be defined in the
same manner as HHL by using a ranking function and only allowing node labels L(v) to contain
nodes of equal or higher importance than that of v. We use PC-LHL to refer to a path-consistent
LHL and HPC-LHL denoted a hierarchical path-consistent LHL.

Definition 6 (Canonical HPC-LHL) For a given node ordering r : V → [n], the canonical
HPC-LHL that respects r assigns to each node v a label that consists of the nodes of highest rank
on each maximal shortest path that contains v.

A maximal shortest path, denote as π+, is one that cannot be extended by any edge without losing
the shortest path property. As shown in [25], given a rank r, the canonical HPC-LHL has the
smallest label size of all HPC-LHLs respecting r.

3 Exact Algorithms for HHL and HPC-LHL

We first design algorithms that produce exact hierarchical labelings, that is, labelings with smallest
average label size.

3.1 HHL

There are n! many node permutations, each of them defining a valid HHL. A naive algorithm
for computing the optimal HHL with respect to maximum or average label size is to iterate over
all these permutations, compute the canonical HHL for each one, and keep track of the one with
smallest average label size. The respective running time amounts to O(n3n!). As the label L(v)
of a node v depends on the exact ranking of all the nodes of rank higher than v, it appears to be
difficult to improve that running time. However, to get the average label size in a canonical HHL,
we can also sum over the inverse label sizes L−1(v) instead, where L−1(v) := {w ∈ V | v ∈ L(w)}.
Clearly, it yields

∑
v∈V |L(v)| = ∑

v∈V |L−1(v)|.
We show next that considering the inverse label size has a crucial advantage in the design of

an exact algorithm, as L−1(v) only depends on the set of nodes with a rank higher than v but not
on their particular order. Figure 1 illustrates an example of the inverse label set of a node v.

Lemma 1 For a node v, given R(v) := {w ∈ V | r(w) > r(v)}, the inverse label L−1(v) can be
determined in O(n2).

Proof: The inverse label of node v is the set of nodes w for which v is the node of maximum rank
on the shortest path from w to v. Thus, L−1(v) can be determined by running Dijkstra from v to
compute the shortest path tree, and then cutting off all subtrees rooted at a node u ∈ R(v). □

Lemma 1 can be leveraged to develop a DP that returns the HHL with smallest possible average
label size as follows: We assign a table with n rows and 2n columns, where row v corresponds to
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Figure 1: An example of the shortest path of node v in the graph G. Let the nodes u,w, z have
the highest three ranks and the node v has the fourth highest rank. For each blue and orange
node, the highest-ranking node on the shortest path from them to node v must be one of the nodes
u,w, z. Then only the black nodes in the shortest path tree contain the node v in their label set.

node v ∈ V and each column corresponds to a set of the powerset P(V ). The columns are sorted
in ascending order of set size. For v ∈ V and S ∈ P(V ) we can define m[v, S] recursively as follows:

1. m[v, ∅] = 0

2. m[v, S] =

{
min{m[u, S \ {v}] | u ∈ V }+ |L−1(v)|, with R(v) = S \ {v} for v ∈ S
∞, otherwise

The entries in the first column, which corresponds to the empty set, are all filled with zeros.
The other columns are filled in order using the following rules: Let the column set be S and the
row node v. If v /∈ S, we fill the respective cell with ∞. Otherwise, we want to enter the smallest
summed inverse label size of the nodes in S assuming that the contained nodes have the |S| highest
ranks among all nodes and v has the lowest rank among the nodes in S. To compute this value, we
consider the smallest entry in column S \ {v} and add to it the size of L−1(v) for R(v) = S \ {v}.
Once the whole table is filled, the smallest entry in the last column (which corresponds to the
whole node set) divided by n indicates the optimal average label size. The respective ranking can
be deduced via backtracking.

b

dc

a

Figure 2: An example graph with four nodes and unit edge weight.

Example. Now we explain the DP with an example shown in Figure 2. To compute the optimal
HHL of the four-node example graph, we create a table shown in Table 1 with four rows and sixteen
columns. The columns are subsets of {a, b, c, d} sorted by their size. Each row represents one of
the nodes in the graph. The table is filled from left to right. The first column is filled with zeroes.
For the rest of the cells, each cell (v, S) with v ̸∈ S is filled with ∞, e.g. the cell (a, {b, c, d}). If
v ∈ S, then the value can be calculated from the minimum of the column S \ {v} plus the inverse
label size of v, taking into account that the nodes in S \ {v} have a higher rank than v. For
example, to calculate the cell (c, {a, c, d}), we assume that c has the third highest rank and a, d
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∅ a b c d a, b a, c a, d b, c b, d c, d a, b, c a, b, d a, c, d b, c, d
a,b,
c,d

a 0 4 ∞ ∞ ∞ 7 7 7 ∞ ∞ ∞ 9 9 9 ∞ 10
b 0 ∞ 4 ∞ ∞ 6 ∞ ∞ 7 7 ∞ 7 7 ∞ 9 8
c 0 ∞ ∞ 4 ∞ ∞ 6 ∞ 7 ∞ 7 7 ∞ 7 9 8
d 0 ∞ ∞ ∞ 4 ∞ ∞ 5 ∞ 7 7 ∞ 7 7 9 8

Table 1: DP table. For example, the value in the cell (d, {a, d}) is the smallest summed inverse
label size of a and d with the rank where r(a) = 4 and r(d) = 3. This result is followed by the sum
of the minimum in the column {a}, which means that all nodes add a to their label set, and then
plus one label, since d adds itself to its label set. Formerly, L−1(a) = {a, b, c, d} and L−1(d) = {d}.

have higher ranks than c. It follows that the inverse label set size of c is 2, where L−1(c) = {b, c}.
The minimum of column {a, d} equals 5. Hence, the value of cell (c, {a, c, d}) is set to 7. After
the whole table is filled, the minimum HHL size stored in the last column and the optimal rank
can be read by backtracking. In Table 1, the blue color marks backtracking to one of the possible
optimal ranks r, where r(a) > r(d) > r(c) > r(b).

Theorem 1 The DP algorithm computes the minimum average label size of an HHL in O(n22n)
time using O(n2n) space.

Proof: According to Lemma 1, computing L−1(v) takes O(n2). Using this method to fill each
of the O(n2n) cells in the table would result in an overall running time of O(n32n). However, we
reduce this running time by precomputing all shortest path trees in O(n3), using O(n2) space.
Then, whenever we have to compute the inverse label size of a node v with given set R(v) of higher
ranked nodes, we simply traverse the precomputed shortest path tree from v and cap it at nodes in
R(v) instead of computing the whole tree from scratch. As the tree has a size of O(n), the traversal
takes only linear time. Therefore, the overall running time is reduced to O(n22n+n3) = O(n22n).
The space consumption is dominated by the number of table cells.

To show correctness, we prove by induction that the following loop invariant upholds: Once a
table column with corresponding S ∈ P(V ) is completely processed, the minimum value of this
column equals to the optimal summed inverse label size for S, given that those have rank higher
than the nodes in V \S. Here we show it on a connected graph, for a graph with multiple connected
components this proof works analogously for each component.

For columns that refer to a single node, that is, S = {v}, we compute L−1(v) with an empty
set R(v) and thus get |L−1(v)| = n. Adding that to the zero obtained from the first column, which
encodes ∅, the value of n does not change. Clearly, this is the smallest possible inverse label size
for any choice of a highest rank node. For a column S with size k + 1 > 1, we assume that all
columns with set sizes up to k are processed correctly. Let v∗ be the lowest ranked node in S in
the optimal ordering of S, we compute m[v∗, S] as |L−1(v∗)| with R(v∗) = S \ {v∗} adding the
minimum of the column S \ {v∗}. According to the induction hypothesis, the minimum value of
the column S \ {v∗} is the optimal inverse label size of the set S \ {v∗}. And for any ordering in
R(v∗), L−1(v∗) remains the same. Thus m[v∗, S] is equal to the optimal summed inverse label size
for S, given that they have a higher rank than the nodes in V \ S. Hence, the optimal summed
inverse label size is the minimum value of the last column.

□
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3.2 HPC-LHL

We now apply the same idea to compute the optimal HPC-LHL. In canonical HPC-LHL, for a
given rank r, the inverse label size |L−1(v)| of a node v also depends only on the set of nodes whose
rank is higher than the rank of v.

Lemma 2 For a node v, given R(v) := {w ∈ V | r(w) > r(v)} and all maximal shortest paths in
G, the inverse HPC-LHL label L−1(v) can be determined in O(n3).

Proof: Once the maximal shortest paths have been precomputed, an index of the paths can be
created. And for each node, we can store a list of the indices of the maximal shortest paths that
node lies on. For each node w ∈ R(v), the maximal shortest paths that contain w should be
marked as covered, as v cannot have the highest rank on those paths. At most n2 paths per node
in R(v) can be marked as covered. This steps has a time complexity of O(n3). For the remaining
unmarked maximal shortest paths that contain v, it is necessary that all nodes contain v in their
label set, as v has the highest rank on these paths. Consequently, the number of these nodes
is equal to the inverse label size, |L−1(v)|. At most n nodes lie on one maximal shortest paths.
Hence, in total, the time complexity is O(n3).

□

Applying the same DP 1, while calculating the inverse label set according to Lemma 2 we can
compute the optimal HPC-LHL.

Theorem 2 The DP algorithm 1 computes the minimum average label size of an HPC-LHL in
O(n42n) time using O(n2n) space.

Proof: We precompute all maximal shortest paths in O(n3), using O(n3) space (see also [25]).
According to Lemma 2, the computation of L−1(v) takes O(n3). Therefore, the total running time
is O(n42n + n3) = O(n42n). The space consumption is dominated by the number of table cells.

Since the inverse label set size of a node v depends only on R(v), the correctness can be proven
as in Theorem 1. □

4 Analysis of w-HHL

The HHL approximation algorithms proposed in [5] all rely on formulating HHL as a SetCover
problem and using a greedy algorithm to produce the respective cover. Correctness and approxi-
mation quality follow from a folklore Lemma about the greedy SetCover algorithm, which states
that iteratively selecting the set whose coverage to cost ratio is at least 1/f(n) fraction of the
maximum coverage to cost ratio results in a cover of cost within an O(f(n) log n) factor of the
optimal cost OPT. According to this Lemma, the authors in [5] concluded that w-HHL is a
O(

√
n log n)-approximation. However, the Lemma applies only if the coverage to cost ratio of the

selected elements is monotonously decreasing during the execution of the algorithm. This property
is trivially fulfilled in case the sets have static costs. However, if the costs are prone to change, the
property needs to be investigated.

We will show now that the property is indeed not met for w-HHL by providing an example in
which the maximum coverage to cost ratio increases during the execution of the greedy algorithm.
Recall that the w-HHL algorithm greedily selects the next node to assign the currently largest not
yet assigned rank based on maxv w(v) where w(v) := cv/|L−1

v | with cv denoting the number of
shortest paths that would be newly covered by v.
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a
b

P P ′

1
1

2k 2l

lk

Figure 3: Schematic example graph for w-HHL analysis.

Lemma 3 Let v1, . . . , vn denote the order in which w-HHL selects the nodes. The sequence of
corresponding weights w(v1), , . . . , w(vn) is not necessarily monotonously decreasing.

Proof: Consider a graph constructed as follows: There are two paths P and P ′ with k and l
nodes, respectively, and k > l. Edge costs along the two paths are all set to 1. Further, there is
an additional node a that is connected to all nodes in P and P ′, with edge costs of 2k to nodes in
P and edge costs of 2l to nodes in P ′. We assume k is odd and denote with b the middle node of
path P . See Figure 3 for an illustration.

Let us now consider weights w(v) for all v ∈ V . We have |L−1(v)| = k+ l+1 for all nodes and
hence weight differences are induced solely by the number of newly covered shortest paths. For a,
that number equals ca = kl + k + l + 1, as all shortest paths from a node in P to a node in P ′

or to a traverse a and additionally a covers the path which only contains itself. For b, we have

cb =
(
k−1
2

)2
+ k + l + 1, which is the maximum attainable for any node on path P . For nodes v

on path P ′ we have cv ≤
(
l
2

)2
+ k + l + 1. This term is smaller than cb due to k > l. If l > k−1

4 ,
the maximum weight is assumed by node a. Accordingly, greedy w-HHL selects this node first.

Now, we consider the impact of a being chosen before b on the weight of b. The number of

shortest paths that are now covered by b is reduced to c′b =
(
k−1
2

)2
+ k and the inverse search

space size to |L−1(b′)| = k. The new weight is hence equal to w′
b = k2+2k+1

4k . For l < k
3 − 2, we

get w′
b > wa. For sufficiently large k, we can always choose an l strictly between k−1

4 and k
3 − 2.

Accordingly, the maximal value among the so far not selected nodes increases over the course of
the algorithm. □

Why could this pose a problem for the approximation quality of the w-HHL algorithm? A crucial
ingredient in proving the approximation factor of O(f(n) log n) is that after each round of greedy
selection, the current solution can be extended to a full cover at cost at most the optimal cover cost
OPT of the original instance. But if the weights of the sets may increase, it could happen that at
some point during the execution of the greedy algorithm the currently available collection of sets
with their corresponding weights does not allow for a completion to a full cover at cost at most
OPT. This would invalidate the analysis. However, we will show next that for HHL in general,
any partial solution can always be extended to a full solution using at most OPT additional labels.
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Lemma 4 Let p-HHL be a partial HHL in which the p highest node ranks are already assigned.
For any 1 ≤ p ≤ n − 1, each p-HHL can be completed to a full HHL at cost at most OPT for the
respective 0-HHL.

Proof: We observe that for any node v ∈ V , its inverse search space size L−1(v) in a given HHL
solely depends on the nodes of higher rank than v. Let now v1, v2, . . . , vn denote the optimal node
ordering for a min-sized HHL and consider a p-HHL for some p ∈ {1, . . . , n}. Let v be the node
with smallest index i in the optimal ordering that was not already assigned a rank in the p-HHL.
If we now assign the next highest rank to v to get a p + 1-HHL, it yields that the inverse search
space size of v in this labeling is at most as large as in the optimal HHL. Namely, all nodes of
higher rank than v in the optimal ordering also have a higher rank in the p-HHL. The argument
can then be repeated until the partial HHL is completed to a full HHL. The total cost may not
exceed OPT as we sum up only over a subset of the nodes and for those we have smaller or equal
inverse search space sizes as in the optimal full solution. □

Thus, in any round of the greedy algorithm, there always exists a node v with weight w(v) ≥
C√

n·OPT
where C denotes the total number of shortest paths that still need to be covered. This

now allows to apply the standard greedy analysis, which shows that the approximation factor of
w-HHL is indeed in O(

√
n log n).

5 Approximation on Trees

We now turn our focus to tree graphs T (V,E). No exact polytime algorithm is known for computing
the HHL with minimum average label size on trees. However, it was shown in [4], that there is
a (rather complicated) PTAS, and a simple 2-approximation algorithm that relies on a balanced
separator decomposition. In this section, we show that g-HHL and w-HHL admit constant-factor
approximations on trees and provide further structural insights into close-to-optimal HHL and
HLHL solutions on tree graphs.

5.1 Upper Bound for α-Balanced Separator Algorithm

The algorithm proposed by Peleg [22] uses nested dissection on trees as decribed in the last section.
It relies on using a balanced separator on each level of the decomposition tree. We will now
generalize this approach to using α-balanced separators for α ∈ (0, 1). Such a separator S demands
that all components in T [V \ S] have size at most αn.

It was proven in [4] that the optimal HL on trees is hierarchical. They provide a primal and
dual formulation as shown in Table 2 of HL as linear programs to show that applying Peleg’s
algorithm based on balanced separators with α = 1/2 yields a solution that is a 2-approximation
compared to the optimal HL on trees. First, we recall their approach and then extend their proof
to cater for general α-balanced separators.

In the formulation of the primal linear program, I is the set of all (unordered) pairs of vertices.
Note that for all vertices u, the pair {u, u} is included as well. The variables xuv indicate whether
v is contained in the label set Hu of u. For every node w on the shortest path Puv from u to
v, the variable yuvw is lower or equal to both xuw and xvw. For all pairs {u, v} ∈ I, the sum
over all yuvw for all nodes w on Puv must be at least one. This implies that any shortest path
must be covered by at least one node. The goal of the primal linear program is to determine the
assignments for the variables x and y, minimizing the sum over the x variables. This is exactly
equivalent to minimizing the hub label size.
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(PRIMAL-LP) (DUAL-LP)
variables αuv and buvw for w ∈ Puv

min :
∑
u∈V

∑
v∈V

xuv

s.t. :
∑

w∈Puv

yuvw ≥ 1, ∀{u, v} ∈ I

xuw ≥ yuvw, ∀{u, v} ∈ I, ∀w ∈ Puv

xvw ≥ yvuw, ∀{u, v} ∈ I, ∀w ∈ Puv

xuv ≥ 0, ∀{u, v} ∈ V × V

yuvw ≥ 0, ∀{u, v} ∈ I, ∀w ∈ Puv

max :
∑

{u,v}∈I

auv

s.t. :auv ≤ buvw + bvuw, ∀{u, v} ∈ I, u ̸= v

∀w ∈ Puv

auu ≤ buuu, ∀u ∈ V∑
v:w∈Puv

buvw ≤ 1, ∀(u,w) ∈ V × V

auv ≥ 0, ∀{u, v} ∈ I

buvw ≥ 0, ∀{u, v} ∈ I, ∀w ∈ Puv

bvuw ≥ 0, ∀{u, v} ∈ I, ∀w ∈ Puv

Table 2: Primal and Dual LPs for HL on trees [4].

In the dual linear program, auv is a variable of the unordered pair {u, v} ∈ I, however variables
buvw and bvuw are different variables, where (u, v) ∈ V × V is an ordered pair.

The authors in [4] derive the constant approximation factor of Peleg’s algorithm by comparing
the contribution from each iteration of the heuristic algorithm to the value of DUAL-LP. We adjust
the variables assignment in the DUAL-LP associated with parameter α such that the constraints
are still fulfilled, then apply the analogous upper bound analysis.

Theorem 3 The α-balanced separator algorithm is a 2α
1−α -approximation algorithm on trees for

α ∈ [1/2, 1).

Proof: We apply the α-balanced separator algorithm and construct a fractional solution for the
dual linear program. Let T ′ be the current tree of size n′ in one iteration of the algorithm, and
let r be a α-balanced separator. Since trees are free of cycles, one vertex is sufficient to cut a tree
into subtrees of sizes at most αn′. Furthermore, such a node r exists for every tree. Let A = 1/αn′

and B = 1/2αn′. Let T1, . . . , Ta be the connected components of T ′ after removal of node r.

We assign values for the variables au,v, buvw and bvuw for node pairs {u, v}, where r is contained
on the (unique) path from u to v. In the previous iterations, nodes u and v were in the same subtree.
Hence, no previous α-balanced separator is contained in the shortest u-v path. After removing r,
they lie in different connected components. Hence, the variables auv, buvw and bvuw are assigned
exactly once during execution of the algorithm.

The rules of assignment are as follows:

We verify that these assignments are feasible solutions for the dual linear program. As shown in
Table 3 and Figure 4, for all nodes pairs (u, v) ∈ V ×V \{(r, r)} it follows auv = A = buvw+bvuw =
2B and arr = brrr, so both the first and the second constraints from DUAL-LP are satisfied.

For the third constraint, consider nodes u ∈ Ti, w ∈ Tj and v /∈ T ′, where i ̸= j. If w is not on
the shortest u-v path, then buvw will not be assigned. If w lies on the shortest u-v path, then there
must be a balanced separator r′ in some previous iteration of the algorithm such that w ∈ Pur′ .
In this case, the variable buvw receives the value zero. Therefore, for nodes u ∈ Ti, w ∈ Tj , i ̸= j,
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auv = A, ∀u ∈ Ti, v ∈ Tj ∧ i ̸= j
aur = A, ∀u ∈ T ′ \ {r}
arr = brrr = B
buvw = A and bvuw = 0, ∀w ∈ Prv \ {r} : ∀u ∈ Ti, v ∈ Tj ∧ i ̸= j
buvw = 0 and bvuw = A, ∀w ∈ Pur \ {r} : ∀u ∈ Ti, v ∈ Tj ∧ i ̸= j
buvr = bvur = B, ∀u ∈ Ti, v ∈ Tj ∧ i ̸= j
burr = brur = B, ∀u ∈ T \ {r}

Table 3: The assignments of variables in the dual linear program.

Figure 4: An illustration of the assignments for DUAL-LP variables.

all nodes v whose buvw are non-zero lie in Tj . For u ∈ Ti ∪ {r} and w ∈ Tj , where i ̸= j, it follows

∑
v|w∈Puv

buvw ≤ |Tj | ·A ≤ αn′ · 1

αn′ = 1. (1)

For u ∈ Ti ∪ {r} and w = r, it follows that,

∑
v|w∈Puv

buvw =
∑

v|r∈Puv

buvr =
∑

v|r∈Puv

B ≤ n′ · 1

2αn′ ≤ 1. (2)

Hence, the assignments for a and b lead to a feasible solution of DUAL-LP. Furthermore, we
show that the assignments lead to a resulting value that is at least 1−α

2α of the maximal value. This
proves that the algorithm is a 2α

1−α -approximation algorithm.

During one iteration, we add r into the hub labels of all nodes in T ′. This increases the cost of
hub labeling by n′. Now consider the contribution C of the assignment in this iteration, which is
the sum of all auv such that r lies on the shortest u-v path, i.e., u and v are in different subtrees
after removal of r. Let t1, . . . , ts be the subtree sizes. It follows that
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C =

s−1∑
i=1

s∑
j=i+1

 ∑
u∈Ti,v∈Tj

auv

+

s∑
i=1

∑
u∈Ti

aur + arr (3)

= A

s−1∑
i=1

s∑
j=i+1

titj +A(n′ − 1) +B (4)

=
A

2

s∑
i=1

ti

 s∑
j=1,i̸=j

tj

+A(n′ − 1) +B. (5)

Considering that the term
∑s

j=1,i̸=j tj = n′ − 1− ti ≥ n′ − 1− αn′, it follows that

s∑
i=1

ti

 s∑
j=1,i̸=j

tj

 ≥
s∑

i=1

ti(n
′ − 1− αn′) = (n′ − 1)(n′ − 1− αn′). (6)

Moreover,

C ≥ (n′ − 1)(n′ − 1− αn′)

2αn′ +
n′ − 1

αn′ +
1

2αn′ =
(n′)2(1− α)

2αn′ =
1− α

2α
n′. (7)

Hence, the α-balanced separator algorithm is a 2α
1−α -approximation algorithm on trees. □

5.2 Properties of g-HHL and w-HHL on Trees

Both g-HHL and w-HHL are greedy algorithms for HHL which assign the node ranks from highest
to lowest. g-HHL always selects next the node that is contained in the largest number of shortest
paths that do not already contain a node of higher rank. w-HHL also uses that shortest path count
but divides it by the inverse label size.

To show that g-HHL and w-HHL are 2√
2−1

-approximations on trees, we introduce the algorithms

using the center graph. The center graph is defined on an undirected graph as follows (analogous
to [5]):

Definition 7 (Center Graph) A center graph Gv = (V,Ev) of node v in graph G = (V,E)
contains all the vertices in G, and there is an edge {u,w} ∈ Ev if and only if there is a shortest
path between u and w via v.

According to the definition, g-HHL selects the node whose center graph has the most edges in
each iteration and assigns it the next highest rank; instead,w-HHL selects the node whose central
graph has the highest density (number of edges divided by the number of non-isolated nodes),
which corresponds to the highest weight, as described in Section 4.

It is trivial to show that g-HHL and w-HHL return the same label sizes on trees. Namely, for
any node v ∈ T , there is exactly one shortest path from v to any other node in T . Therefore, the
center graph of each node in T does not contain isolated vertices. Let v ∈ T be the node whose
center graph has the highest number of edges. It follows immediately that the center graph of v
has also the highest density among all center graphs.
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For the same tree, both g-HHL and w-HHL assign v the next highest rank, every node in T
contains v in its label set. After the removal of node v, T decomposes into subtrees of smaller
size. The shortest path pairs covered by v are separated into different subtrees. Hence, recursively
g-HHL and w-HHL select the same node in each subtree. Hence, the resulting label sizes of both
algorithms are the same.

To prove that g-HHL and w-HHL have a constant approximation factor on trees, we show
that a node v ∈ V maximizing the number of edges in its center graph is actually an α-balanced
separator of the tree T for some α ∈ [1/2, 1). Then, the assertion readily follows from Theorem 3.

Lemma 5 Let T = (V,E) be a tree with n nodes. The vertex v ∈ V whose center graph Gv of T
maximizes the number of edges is a 1√

2
-balanced separator.

Proof: Let v be the node whose center graph Gv maximizes the number of edges. Let Tm be
the largest subtree rooted at a neighbor of v. Our goal is to find an upper bound on the size t of
Tm. In the worst-case scenario, Tm has as many nodes as possible, and the center graph Gv still
has the most edges. This is achieved if the number of edges contributed from T\Tm is as large as
possible, i.e., if the nodes in T\Tm form a clique in Gv. Therefore, T\Tm forms a star in T whose

center is v. In this case, these nodes contribute (n−t)(n−t−1)
2 edges in Gv. If Tm is much larger

than T\Tm, then there exists some node u on Tm whose center graph Gu has more edges than Gv.
In order to make the center graph Gu have as few edges as possible (so that Tm can be as large as
possible), Tm must be a path. Hence, u is the balanced separator of T whose center graph has the
most edges among the nodes on Tm. Since Gv has at least so many edges as in Gu, it follows that
(n−t−1)(n−t−2)

2 + t(n− t− 1)+n− 1 ≥
(
n−1
2

)2
+n− 1. Accordingly, the balance ratio of separator

v is t
n ≤ 1√

2
. □

Based on Section 5.2 and Section 5.1, we obtain the following theorem.

Theorem 4 g-HHL is a 2√
2−1

-approximation algorithm for HL on trees.

Furthermore, the center graph of any node on the tree is a complete k-partite graph, where k
is the number of neighbors from node v plus one. It was shown in [15] that both in a regular graph
and a regular bipartite graph (i.e., degrees in each part are uniform), the density of the graph is
larger or equal to the density of any subgraph. We now show that this also holds for the complete
k-partite graph.

Lemma 6 The density of a complete k-partite graph G is larger or equal to the density of any
subgraph of G.

Proof: We prove it by induction.

Base case: According to [15], the statement holds for any complete bipartite graph.

Inductive step: Let G = (
⋃k+1

i=1 Vi, E) be a complete k + 1-partite graph, and GS = (S,ES)

be any subgraph of G. Denote n′ = |⋃k
i=1 Vi|, nk+1 = |Vk+1|, s′ = |⋃k

i=1 Vi∩S|, sk+1 = |S∩Vk+1|.
Furthermore, define m′ and m′

S as the number of edges of the induced subgraph of G and GS on⋃k
i=1 Vi and

⋃k
i=1 Vi ∩ S. Since G is complete k + 1-partite, the number of edges in G is equal to

m′ + n′nk+1, and the subgraph GS contains at most m′
S + s′sk+1 edges. Therefore the density
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difference between the graph and its subgraph is at least

m′ + n′nk+1

n′ + nk+1
− m′

S + s′sk+1

s′ + sk+1

=
(m′ + n′nk+1)(s

′ + sk+1)− (m′
S + s′sk+1)(n

′ + nk+1)

(n′ + nk+1)(s′ + sk+1)

=
(m′s′ −m′

Sn
′) + nk+1(n

′s′ −m′
S)− sk+1(n

′s′ −m′) + nk+1sk+1(n
′ − s′)

(n′ + nk+1)(s′ + sk+1)
.

It remains to show that this expression is not negative. Followed by inductive hypothesis, the first
term m′s′ −m′

Sn
′ is larger or equal to zero. It is also trivial that nk+1sk+1(n

′ − s′) ≥ 0 holds.
Furthermore, we know m′

S ≤ 1/2(s′ − 1)s′, it follows that n′s′ −m′
S > 0. We can consider the

expresion nk+1(n
′s′ −m′

S)− sk+1(n
′s′ −m′) as a linear function of sk+1, since the other variables

are independent from sk+1. If sk+1 = 0, then the function is positive. If sk+1 = nk+1, it is not
negative as well. Therefore, for all sk+1 ∈ [0, nk+1], the function is larger or equal to zero. Hence,
the density of G is larger or equal to the density of any subgraph of G. □

5.3 LHL Approximation on Binary Trees

In this section we show a 2-approximation on binary trees. First, we derive a lower bound and
then show that the resulting label size of the approximation is a factor of 2 of the lower bound.
In what follows, the label size of a labeling L is defined as

∑
v∈V |L(v)|. We denote by Ti the

complete binary tree of height i for i ≥ 0.

5.3.1 Lower Bound

We provide a lower bound for the optimal size of a LHL on Ti, denote by OPTi. For that purpose,
we will consider labelings on Ti that cover only specific pairs of nodes, that is pairs of nodes (u, v)
such that u is not an ancestor of v and v is not an ancestor of u (denote by (u, v) ∈ N). We denote
by OPTN

i the optimal size of such a labeling. We trivially have that OPTi ≥ OPTN
i as every LHL

on Ti always covers all the pairs in N .
An important remark is that to cover (u, v) ∈ N we can only use a label in the subtree rooted

at the lowest common ancestor of u, v. Denote by Tl,i (respectively Tr,i) the left (respectively

right) subtree of the root and OPTN
i [Tl,i] the size of the labeling L associated to OPTN

i restricted

to Tl,i, i.e. we only count u ∈ L(v) for u, v ∈ Tl,i. We have that OPTN
i [Tr,i] ≥ OPTN

i−1 and

OPTN
i [Tl,i] ≥ OPTN

i−1 due to the previous remark. Moreover, to cover the pairs between Tl,i and
Tr,i, at least |Tl,i| = |Tr,i| = 2i − 1 nodes have to contain a node in their label that is not in the
same subtree. Indeed, if there are less than |Tl,i| such nodes, we can find a node vl ∈ Tl,i with its
label containing only nodes in Tl,i and a node vr ∈ Tr,i with its label containing only nodes in Tr,i

and the pair (vl, vr) is not covered. Finally, the root has to contain itself in its label.
Thus, OPTN

i ≥ 2 ·OPTN
i−1 +2i, and as OPTN

0 ≥ 1, this gives us the following lower bound for
LHL on Ti:

OPTi ≥ OPTN
i ≥ 2i(i+ 1) = LBi

The same proof can be adapted to derive a lower bound for general trees. With OPTN (T ) the
optimal size of a labeling for the pairs in N of the tree T rooted in some r, and T1, . . . , Tk the
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L′
2(0) = ∅

0

L′
2(1) = {1}

1
L′
2(2) = {1, 2}

2

L′
2(3) = {1, 3}

3

L′
2(4) = {1, 4}

4

L′
2(6) = {1, 2, 6}

6

L′
2(5) = {1, 2, 5}

5

Figure 5: An illustration of labeling L′
2.

subtrees rooted at the children of r, we have:

OPT(T ) ≥ OPTN (T ) ≥
k∑

i=1

OPTN (Ti) + |T | −max{|Ti| | i = 1, . . . , k}

5.3.2 LHL Approximation

We now introduce a construction that yields a 2-approximation compared to the optimal LHL on
complete binary trees Ti, i ≥ 1. We build the labeling recursively. We denote the root by 0, the
left child by 1 and the right child by 2. Consider the following labeling L′

i for Ti (note that L′
i is

not yet a valid LHL):

� For i = 1, L′
1(0) = ∅, L′

1(1) = {1} and L′
1(2) = {1, 2}.

� For i = 2, we consider the labeling L′
2 shown in Figure 5.

� For i ≥ 3, we recursively build the labeling L′
i−1 for the left and right subtree of Ti. We then

add 1 to the label set of each node of Ti except the root. Furthermore, we add 2 to the label
set of itself.

We can now consider the labeling Li for Ti where we add 0 and 1 to the label set of the root in
L′
i. Li is an LHL for Ti. We first prove by induction that labeling Li satisfies the landmark hub

cover property for any pair of nodes of Ti except those containing the root. It is true for i = 1 and
i = 2. Let i ≥ 3 and assume that it is true for i− 1. Consider a pair of nodes of Ti that does not
contain 0, 1 or 2. If both nodes are in the same subtree, the landmark hub property is satisfied by
induction hypothesis. If they are not in the same subtree, 1 is in each label and so the hub cover
property is satisfied. Moreover, pairs of nodes that contain at least one of the children of the root
satisfy either the hub or landmark cover property due to 1 in both labels. Finally, adding 1 to the
root label set enables to cover the pair of nodes containing the root.

It is a hierarchical LHL by assigning the rank as such: the nodes at a high level (root at the
highest level of the tree) have a higher rank and on the same level, the nodes on the left have a
higher rank.

This labeling is not optimal. For instance, the labeling in Figure 6 for i = 3 has size 37 while
our heuristic provides us with a label size of 43. However, the label size of the resulting LHL is
within a factor of 2 of the optimum.
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L(0) = {0, 1}
0

L(1) = {1}1 L(2) = {1, 2}2

L(4) = {1, 4}4L(3) = {1, 3}3 L(5) = {1, 5, 6}5 L(6) = {1, 6}6

L(7) = {1, 7}
7

L(8) = {1, 7, 8}
8 L(9) = {1, 9}

9

L(10) = {1, 9, 10}
10

L(14) = {1, 6, 14}
14L(13) = {1, 6, 13}

13

L(12) = {1, 6, 11, 12}
12L(11) = {1, 6, 11}

11

Figure 6: A better labeling for T3.

Observation 1 The above construction is a 2-approximation algorithm.

Proof: Let us denote by si the size of the labeling Li and s′i the size of L′
i. We have: s′1 = 3,

s′2 = 13 and for i ≥ 3,

s′i = 2s′i−1 + 2i+1 − 1

= (i− 2)2i+1 + 3 · 2i + 1

Finally, si = s′i + 2 for i ≥ 1. Using the lower bound LBi = 2i(i + 1) of Section 5.3.1, we have
si ≤ 2 · LBi for i ≥ 1. □

6 Experimental Evaluation

This section evaluates the performance of g-HHL, w-HHL and two heuristics for HHL: contraction
Hierarchies based heuristic and balanced separator based heuristic. Furthermore, we apply the
exact algorithm for HHL on trees and investigate lower and upper bounds. Finally, we implement
and evaluate the performance of a simple HLHL heuristic on trees.

We implemented all algorithms in C++ and executed on a single core of an AMD Ryzen 7
3700X processor (clocked at 3.6 GHz) with 128 GB main memory, which had an L3 cache size
of 16384K. The operating system was ubuntu 18.04. KaHIP 2.10 (used for computing balanced
separators) was compiled using Clang 11.0.0 with OpenMPI 1.4.1.

6.1 Results on General Graphs

We consider two prominently used heuristics for HHL, CH based, and the balanced separator based
heuristics.

� CH Based Heuristic. Methods for Contraction Hierarchies (CH) construct node rankings
that can be used for HHL [15]. We always compute the canonical HHL associated with the
CH node ranking.

� Balanced Separator Based Heuristic. The algorithm based on balanced separators
computes a preferably small 1/2-balanced separator S in each connected component and
assigns them the next highest rankings. We use KaFFPa in our implementation (a tool
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included in KaHIP[24]), which can find small balanced separators in large graphs efficiently
in a heuristic fashion. We again compute the canoncial HHL with respect to the obtained
node ranking.

To evaluate the resulting label size quality of the heuristics, we compare the results with the
label size lower bound from [9]. The authors introduce the notion of efficiency of a pair of nodes
and show that it can be used to derive a general lower bound for HL on arbitrary graphs. For
u, v ∈ V , let hu(v) be the number of vertices x whose shortest path from u to x contains v, and let
Puv be the set of shortest paths from u to v. Then the efficiency of each node pair (u, v) is defined
as: eff(u, v) = max

p∈Puv

max
w∈p

min {hu(w), hv(w)}.
For the optimal average hub labeling size Lavg for the graph G = (V,E) holds that

n · Lavg ≥
∑

(s,t):Pst ̸=∅

1

eff(s, t)
. (8)

Note that this bound works well for dense graphs, however, it is less tight on sparser graphs. For
example, on paths or binary trees, the lower bound above states n · Lavg ∈ Ω(n) (where n is the
number of nodes), though the optimal hub labeling on these graphs is in Ω(n log n).

6.1.1 Benchmark Sets

The first benchmark set contains the instances from the PACE challenge 20201, which were provided
for the treedepth decomposition challenge. The second benchmark set contains the instances from
the PACE challenge 2019 [13], which were provided for the vertex cover challenge. The last
benchmark set consists of road networks extracted from OpenStreetMap2 (OSM). Table 4 presents
an overview over all benchmark sets. Benchmark sets from the PACE challenge contain a variety
of graph densities, while the OSM benchmark set is comparably sparse.

The average label sizes Lavg of the different approaches, compared to the lower bound lavg given
by efficiency, are shown in Figure 7. We can observe that g-HHL and w-HHL compute results of
comparable quality. No algorithm could find a label size smaller than four times the efficiency
lower bound on the road networks. Recall that the efficiency lower bound is less accurate on sparse
graphs. In all PACE instances, the label sizes from both algorithms are within the factor of 7
from the efficiency lower bound, while the average value of Lavg/lavg is around three on the PACE
instances and still lower than 5 for the OSM instances. The algorithm based on CH almost always
computes worse results than the previously mentioned algorithms. It performs poorly on the OSM

1PACE challenge
2OSM

Benchmark Sets #Instances |V | |E| d

PACE 2020 exact 100 [10, 491] [15, 4.100] [2, 65]
PACE 2020 heuristic 40 [105, 7.813] [143, 366.239] [2, 208]
PACE 2019 30 [153, 4.579] [625, 126.163] [3, 164]
OSM 15 [100,4000] [99,4336] 2

Table 4: Number of nodes, edges and average degree of the graphs in the used benchmark sets.

https://pacechallenge.org/2020/td
https://www.openstreetmap.org
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road networks. In particular, the average ratio to the lower bound is around twelve, and even the
best-case instances have a larger label set than the worst-case instances of g-HHL and w-HHL.

g-HHL w-HHL ch b sep

5

10

15

20

Lavg
lavg

(a) PACE instances

g-HHL w-HHL ch b sep

10

20

30

40

Lavg
lavg

(b) OSM

Figure 7: Comparison of the resulting average label sizes Lavg and the efficiency lower bound lavg.

The balanced separator based algorithm computes the worst results on average in all instances.
On the PACE instances, its average ratio is around six compared to the lower bound, while all
other algorithms find smaller hub labels on average. On the road networks, the balanced separator
based algorithm could, in the best-performed instances, find a solution within the lower bound
by a factor of around 13. It is slightly worse than the worst results of g-HHL and w-HHL. The
average ratio of the solution quality of the balanced separator based algorithm compared to the
lower bound is around 15, about 3 times as large as g-HHL and w-HHL.

To summarize, we observe that g-HHL and w-HHL compute hub labels of similar size on
all inputs. On average, the CH-based algorithm computes solutions smaller than the balanced
separator based algorithm but slightly worse hub labels than the previous algorithms. The last
algorithm based on balanced separators computes the worst solutions in all instances.

101 102 103 104

n

10−2

100
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104

ti
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e(
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Figure 8: Running time comparison.

The running times of all algorithms are shown in Figure 8. Both g-HHL and w-HHL have very
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Benchmark Set #Instances |V | max(α(v, T ′))

PACE 2020 Heur 64 [100, 1.319.677] 0.66
Random Trees 66 [100, 448.000] 0.64

Table 5: Number of instances, number of nodes, and the maximum balance ratio during the
execution of g-HHL.

similar running times. In almost all instances, the CH-based approach is the fastest algorithm.
However, on some of the dense graphs, the running times of CH are even the longest. This results
from the fact that CH is originally designed to work on large and sparse road networks. The last
algorithm based on balanced separators is time-consuming in small instances. This is due to the
computation of a balanced separator involving the execution of KaHIP, which takes considerable
time. However, this approach can be used on large instances since its asymptotical growth is slower
than that of all other algorithms.

6.2 Results on Trees

To evaluate the performance of Peleg’s algorithm and g-HHL on trees, we generated two benchmark
sets. The first benchmark set includes extracted shortest path trees from the PACE 2020 heuristic
benchmark set. The second one comprises our self-generated random trees, which are constructed
from a single node by iteratively adding a new node to a random previous node.

Since both g-HHL and w-HHL behave the same on trees following the results from Section 5.2,
it is sufficient to only compare Peleg’s algorithm to g-HHL.

We applied Peleg’s algorithm and g-HHL to our two benchmark sets and obtained the resulting
label sizes Lp and Lg. Furthermore, we also measured the balance ratio α(v, T ′) of each node v
to which g-HHL assigned the highest rank in the subtree T ′ during the execution. Recall that the
balance ratio of a node v is definded as the largest connected component size after removing the
node v and its adjacent edges divided by n, where n is the number of nodes in T ′.

The table presents an overview over the benchmark sets and the maximum balance ratios.
Figure 9 illustrates the resulting label sizes of g-HHL Lg compared to the label size of Peleg’s
algorithm Lp.

The maximum balance ratio α(v, T ′) in the first benchmark set is 0.64 and 0.66 in the second
benchmark set, both were significantly lower than 1/

√
2 ≈ 0.707 from the worst case shown in

Section 5. Furthermore, there are only two instances in which Lg is larger than Lp, one from each
benchmark set. In both instances, the resulting label sizes of g-HHL exceeded the results from
Peleg’s algorithm by less than 1%. The approximation factor from Theorem 3 depends on the
balance ratio. Since g-HHL and w-HHL do not aim to cover the shortest paths by the node that
separates the tree in the most balanced way, the approximation factors via Theorem 3 are larger
than Peleg’s algorithm. However, our results demonstrate that the label sizes of g-HHL are in most
cases lower or equal to Lp, and are significantly closer to the optimum than the factor of 2√

2−1

from Theorem 4.

Furthermore, we implemented the exact algorithm for hierarchical hub labeling and applied it
on 20000 randomly generated small trees with node sizes lower or equal to 20. Comparing the
hub label sizes resulting from g-HHL and Peleg’s algorithm to the optimal solution in the same
instances, we observed a lower bound of 1.005 and 1.023. The maximum balance ratio α(v, T ′) of
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Figure 9: Label size comparison between g-HHL and Peleg’s algorithm. Left: Label size comparison
on PACE2020 heuristic public benchmark set. Right: Label size comparison on random tree
benchmark set.

the exact algorithm never exceed 2/3. Based on this observation, we implemented an algorithm that
tries to assign every 2/3-balanced separator with the next highest rank in each iteration and returns
the HHL with the smallest label size, which has a running time in O(nlogn). After applying this
algorithm to randomly generated trees with node sizes up to 2000, we observed a slightly larger
lower bound of 1.034 for the approximation factor of g-HHL. It would be interesting to further
narrow the gap between this lower bound and the proven upper bound in future work.

6.3 HLHL on Trees

A simple heuristic to compute hierarchical LHL on trees is to contract all degree two chains in the
tree and apply g-HHL on the contracted tree, then complete the label set for the contracted nodes.
First, we contract each degree two chain in the tree T into a single node on the chain, called a
representation. Then we compute the g-HHL for the contracted tree T ′. Finally, the label set of
any contracted node v is the label set of its representation plus v. The nodes in T ′ are ranked
higher than the contracted nodes, hence the labelling is hierarchical. For the non-contracted nodes,
their hub label is a valid HHL. Furthermore, the representation lies on all maximal shortest paths
from any other node to any node in the same degree two chain. By inheriting the label set from
the representation, all shortest paths of contracted nodes are also covered. Therefore, the resulting
labeling is a valid hierarchical LHL.

We now evaluate the performance of the HLHL heuristic against g-HHL and Peleg’s algorithm.
Our benchmark sets are the self-generated random trees from the last section and 13 shortest path
trees from OSM with sizes ranging from 100 to 10000 nodes. As shown in Figure 10, in the OSM
benchmark set the LHL heuristic always computes the smaller labeling than g-HHL and Peleg’s
algorithm. Since the shortest path trees from OSM contain many degree two chains, in most
contracted graphs there are only half as many nodes as in the original graph. However, in the
random tree benchmark set, the LHL heuristic computes a smaller labeling than HHL in only 5
out of 66 cases. On this benchmark set less than 30 percent of nodes can be contracted.
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Figure 10: Label size Lg of g-HHL divided by HLHL heuristic label size L′, and label size Lp

of Peleg’s algorithm divided by L′. Left: Label size comparison on the OSM shortest path tree
benchmark set. Right: Label size comparison on the random tree benchmark set. The x-axis shows
the ratio of the number of nodes |V̂ | in the contracted graph to the number of nodes |V | in the
original graph.

7 Conclusions and Future Work

We hproposed novel algorithms and bounds for HHL, which complement and improve existing
techniques. Our evaluation indicates that g-HHL and w-HHL perform remarkably well on trees
as well as on general graphs. Improving their scalability to make them applicable to larger inputs
may be an interesting direction for future work. Also, their approximation factor on trees could
potentially be shown to be even smaller than 2√

2−1
. It was proven in [4] that the node with the

highest rank in an optimal HHL on trees is a 5/6-balanced separator. Based on our experiments,
it may be possible that optimal solutions adhere to even smaller balance ratios, potentially down
to 2/3.

On general graphs, lower bounds for the approximation factors were investigated in [5]. These
bounds show that g-HHL and w-HHL do not provide polylogarithmic approximation factors. How-
ever, there are also no approximation hardness results known that would imply that no such algo-
rithm can exist. Thus, it might be worthwhile to search for alternative algorithms that produce a
close-to-optimal HHL in polytime.

We have furthermore provided an experimental comparison between HHL and HLHL on dif-
ferent benchmarks and have shown that HLHL indeed provides smaller label sizes on average on
shortest path trees of road networks. It would be interesting to further study the theoretical re-
lationship between HL and LHL, in their hierarchical and non-hierarchical variant, on different
types of graph classes.
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